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MULTIDIMENSIONAL WAVE EQUATIONS WITH NONLINEAR
ACOUSTIC BOUNDARY CONDITIONS*
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Abstract. In this paper, we investigate the uniform stability of a class of nonlinear acoustic
wave motions with boundary and localized interior damping. Here the damping and potential in
the boundary displacement equation are nonlinear. Moreover, the nonlinear system contains the
localized interior damping term, which indicates that there is a thin absorption material and flow
resistance on the endophragm of the boundary. Since some lower-order term in the nonlinear wave
system is not below the energy level, the “compactness-uniqueness” method is not suitable for the
problem. Our main purpose is to present a new method to obtain uniform decay rates for these
damped wave equations with nonlinear acoustic boundary conditions.
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1. Introduction. Since Beale and Rosencrans [6] introduced acoustic boundary
conditions for wave equations in 1974, there has been a variety of research on wave
or other kinds of equations with acoustic boundary conditions; see [3,5-11, 14, 18]
and references therein. Because of their applicability to many areas, such as noise
reduction and vibration control, the studies about such boundary conditions have
attracted lots of attention.

Let © be a bounded domain in R™ with a smooth boundary I'. Let I' = I'(UI'; with
Ty and T'; closed, disjoint, and nonempty. Denote by v(x) the outer unit vector normal
to the boundary I';. We consider the following acoustic boundary value problem

1.1) u(z,t) — Au(z, t) + w(z)u(z,t) =0, z€Q,t>0
) u(z,t) =0, x€ly, t>0

) ug(x,t) + 2z (x,t) + f(2e) +g(2) =0, €Ty, t>0
ou(zx,t)
) el SL AP
)

5 = z(x,t), x€T1,t>0

u(z,0) = up(x), u(z,0)=wui(z), €
1.6) z(2,0) = zo(x), x€Ty.

Here A is the Laplacian operator, f,g are given functions on R, and w(z) € L*>(Q)
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is a cutoff function defined by

() = 1, for z € Qy;
Y= 0, for z € Q/Q,

where 7 > 0 and Q,, := {z € Q; d(z,T) < n}.

This model (for n = 3) describes a fluid undergoing small irrotational perturba-
tions from rest in the domain . The portion I'y of its surface is called interface;
each point on I'; reacts to the excess pressure from the fluid like a spring, and the
“springs” are independent of each other; therefore, I'; is locally reacting. The function
u represents the velocity potential and z the normal displacement of I';. The relation
(1.4) expresses the impenetrability of the boundary T'y. See [6,17] for more physical
explanations. For the sake of simplicity, we set all the coefficients to be 1.

In 1976, Beale [5] pointed out for linear systems under the action of the boundary
damping z; (but without any interior damping) that the system energies have no
uniform decay rates. Afterwards, Mufioz Rivera and Qin [18] obtained polynomial
decay of the energies for smooth initial data. We refer the reader to Abbas and Nicaise
[1,2] for deep studies on asymptotic stability, nonuniform stability, and polynomial
stability for related systems with generalized acoustic boundary conditions.

In [10], Graber considered porous acoustic boundary conditions, with the interface
described by

up +m(x)ze + fr(x)ze + g1(x)z =0, x €Ty, t>0;
ou

(1.7) W +0(ut) = h(z)n(z), xze€l,t>0

(m, f1,91,h,0, and n being given functions), and obtained (among others) uniform
decay rates thanks to the additional dissipative term 6(u;); see also [11] and the
references therein for related studies. Recently, Vicenti and Frota [19] took into
account acoustic boundary conditions to a nonlocally reacting boundary, with the
interface described by

(1.8) pots(z,t) + mzy(x,t) — Arz+ f(z) +rz2=0, x €Ty, t>0,

W = z(z,t), ze€Ily,t>0,

where pg, m, ¢ are positive constants, r > 0, and Ar is the Laplace-Beltrami operator;
they put a (nonlinear) internal localized damping term in the wave equation to achieve
uniform stability successfully.

The aim of this paper is to obtain uniform stability of the system (1.1)—(1.6).
The system contains an internal localized damping term w(x)u; in (1.1) as in [19]
(for simplicity we here consider only linear dampings with coefficient 1 close to the
boundary), which indicates that there is a thin absorption material with the thickness
of n > 0 and flow resistance on the endophragm of T" (cf. [17, section 6.2]). On the
other hand, the interface I'; is locally reacting (as in the original work [5,6]), in
contrast to that in [19]. That is, our system does not contain such a term as —c?Arz in
(1.8). However, it is the lack of this term that brings about essential difficulty in doing
stability analysis. Actually, the integral fFl 22dI is no longer a lower-order term below
the energy level since the energy E(t) (see (3.1) below) does not contain fFl |Vrz|2dl.
This would result in the failure of the compactness-uniqueness argument (compare
with the proof for [19, (3.36)], 0 there representing z here). The argument is a general
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method used to absorb lower-order terms (cf. [10,11,13]). Therefore, we have to find
some new ideas to deal with the problem. In this paper, we present a new method
to obtain uniform decay rates for the damped wave equations with nonlinear acoustic
boundary conditions.

This paper is organized as follows. In section 2, we give a well-posedness result by
the theory of nonlinear semigroups. Section 3 is devoted to presenting our stability
theorem; we will combine flexibly the method of convex functions (as in Lasiecka and
Tataru [13] and Liu and Zuazua [15]), the method of Lyapunov functions (as in [15]),
and the cutoff technique (as in Martinez [16]) to prove the uniform stability of the
energy.

2. Well-posedness. We let
V(Q) = {u(z) € H'(Q),ulr, = 0},
with the inner product and norm

(u,v)v ::/QVu(x)'Vv(x)dx, lulv ::/Q|Vu(x)|2dx.

Note that Poincare’s inequality holds in V (),

(2.1) /qux < c/ |Vul|*dz,
Q Q

with some constant ¢ > 0. For the spaces L?(Q) and L?(I';), we define the inner
products and norms by, as usual,

(u,v):/ﬂu(z)v(x)dw, lu| = (/Q |u(z)|2d:c>%,

(@, ¢)r, = - ¢(x)ip(x)dl,  |lr, = (/F ¢($)|2d1“);~

Using the notations given above, we define the “finite energy space” that will be
associated with “weak solutions” as

H =V (Q) x L*(Q) x L*(T'y) x L*(T';),
where the norm on H is given by
(0,2, 2) B = [uld + ol + |27, + 1217, -

Now we reduce (1.1)—(1.6) to an abstract Cauchy problem,

d
LU() = AU(),
U(0) = Uy,

where U(t) = (u,us, 2, 2)7 is a vector in the Hilbert space H and A : D(A) C H — H
is an operator with the domain

u
T ovir,

D(A) = €H: veV(Q), Aue L2(Q)

=z

ST SIS
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The action of the operator A is given by the matrix

Au 3 wv
q
—v— f(2) —g(2)

Next we show the well-posedness of the nonlinear system (1.1)—(1.6) by the
nonlinear monotone operator method. For this, we need some conditions on f and g.

Assumption (Al). The functions f,g € C'(R) are monotone nondecreasing such
that g(0) =0, f(0) =0, ¢’ € L>°(R), and

A

wmn e

(2.2) [f(s)] < Cls| for [s[ > 1,

where C' > 0 is a constant.
We note that f(z) € L?(I';) whenever z € L?(I';), under the condition (2.2).

THEOREM 2.1. Suppose that Assumption (A1) holds. Then for U(0) € H, the
system (1.1)+(1.6) has a unique mild solution U(t;Uy) € C([0,00); H) such that

(23) HU(t, Ul) — U(t; UQ)”’H S ewt||U1 — U2||’H fO?" Ul, U2 S H7 t Z 0,

with some constant w > 0. Moreover, if U(0) € D(A), then U(t;Uy) € I/Vlf)cl((), oo; H)
is a strong solution of (1.1)—(1.6).

Proof. For U; = (us,vs, 2, %) T € D(A), i = 1,2, we have
(AU, — AU,, U, — Us)
= [ =21 - 22) — (2 - E)(g(0) — g(2)
Iy

— (51— ) (f(1) — f(52))dT — / w(vr — v)?da

Q
<w|U; — Va3,

for some constant w > 0. Therefore, wl — A is monotone.
Next, we show that the range of AI — A is all of H for A > w. To the end, we let
(21,2, z3,24) € H and try to find U = (uy, ua, us, us) € D(A) such that

Aup —up = o7,

Aug — Aug + wug = T2,
(2.4) 2 1 2 2

Aug — ug = T3,

Auy + ug + f(ug) + g(uz) = 4.

To prove the existence of solution U to (2.4), we apply the method of perturbation of
maximal monotone operator as in [12,13].

Define N : L2(I';) — H 2 (Q) such that for ¢ € L2(I';), N'¢ = 1 is the solution of
the following equation:

Atp =0,

By =0, 2] —g

ov I,
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20}7
Iy

which can be extended to a continuous operator from V to V' (with respect to the
L? duality).
From the last two equations of (2.4), one has

moreover, define

ou

Au=—Au, D(A)= {u € H*(Q); wulp, =0, s
v

We define a scalar function J on R* by

t
J(t75780a81):)\t+s+f(t)+g(80;_ >_31~

By Assumption(Al), we know that J is a continuous function, which is strictly in-
creasing in t satisfying

tllgl J(t,s,s0,81) = £oo.

Therefore, for any (s, so, s1) € R3, there exists a unique ¢, denoted by —F (s, s¢, s1),
such that J(¢, s, s, s1) = 0. It is clear that the implicit function F is also a continuous
function, being strictly increasing in the first variable. From (2.5) we obtain

ug = —F(ug, 3, 74).
Substituting it and u; = #5*2 into the second equation of (2.4), we get

r1 + Ug

A

(26) Aug + A ( +NF(’LL2,.T3,IL’4)> + wug = Ta.

Define two operators By, By from V to V' by

1
BlU:ANF(’U,Jjg’JLl), BQU:2AU+A(1:1)_\|—U> + wo.

Then Bj is maximal monotone (it may be written as the subgradient of a convex
functional as in [13, p. 514] and [12, p. 89]), and By is monotone and continuous.
From [4, Corollary 1.3, Chapter 2], we see that By + By is maximal monotone in
V x V'. Therefore, (2.6) has a solution us € V. Accordingly, we see that A\] — A
is surjective, and so wl — A is maximal monotone. Therefore, from the nonlinear
semigroup theory, we obtain the desired conclusion. 0

3. A new method to obtain uniform decay rates. We define the energy of
the system (1.1)—(1.6) as

(3.1) /|Vu|2—|—utdx+ / 22dl + | G(z)dT,
I Ty

where G(t fo s)ds. Under Assumption (A1), it is easy to see that the following
energy 1dent1ty holds for strong solutions:

(3.2) E(t) = B(0) — /0 /Q wuldrdt — /0 A f(2)zdldt.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Thus, we see that E(t) is decreasing for all finite energy solutions.

For studying the stability of the system energy, we need more conditions on f
and g.
Assumption(A2). There exists a constant ¢ > 0 such that

(3-3) [F ()], lg(s)] = els| if [s] > 1.
Assumption(A3).
(a) There exist two strictly increasing C2-functions hy(s), ha(s) : [0,00) — [0, 00)
such that
(3.4) chi(|s) < [f(s)] < Chy'(s]), [s] <1
(3.5) ha(lsl) <lg(s)l, sl < 1.

(b) The function h; satisfies
(36) hl(St) < Chl(s)hl(t), S,t € [O, OO),

and there exists an increasing and convex function ¢(s) : [0,00) — [0, 00),
with ¢”(s) positive and bounded on (0, sp) for any so > 0, such that

(3.7) ¢(Isl*) < hi(lsl)lsl, 1s| <1, i=1,2;

here, C, ¢ are positive constants.

THEOREM 3.1. Let f,g satisfy Assumptions (Al), (A2), and (A3). Then the
energy of system (1.1)-(1.6) decays to zero, uniformly in initial data with E(0) < r
(for any fized r > 0). More precisely, we have

E(t)gS(;()—l), t> T,
for some positive constant Ty > 0; here S(-) is the solution of the ODE

S'(t) + q(S(t)) =0, with the initial value S(0) = E(0),
the function q(-) being given by q(s) := s — (I + p)~1(s) with p(0) =0,

p(s) := Cie(s)¢(as), s> 0,

_ Cy Cs c \]'
() = ll * @'(as) - (b’(as)hl ( ¢’(as)>1

(C > 0 is the constant in (3.4), and a, C1,Csy, Cs are positive constants which depend
continuously on E(0)).

Proof. We fix r > 0 and assume E(0) < r; also, we may and do assume E(t) > 0
for ¢ > 0 (in the other case, E(t) = 0). Throughout the proof, Cy,Cs,C%, and Cs
denote generic positive constants, which may depend on r and may vary from line to
line. Moreover, we only need to deal with the strong solution case (the general case
can be handled by a density argument owing to (2.3)).

Step 1. We first introduce an auxiliary function V(¢), and estimate V' (¢).

Define

V(t) = E(t) + ey (E(1)) {/Q uupdx + /F1 zzdD + /Fl zudI‘} ,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where
¥(s) = ¢'(as)
and a,e € (0,1), which will be specified later. Differentiating V' (¢), we obtain

V() = E'(t) + e/ (E(t))E'(t) [/ﬂ uugdx + /Fl 2zdl + /Fl zudF]

+ e (E(t)) {/ u? — |Vul* — wuguda +/ wz 4 22 + 2w+ zup + zzttdF} .
Q I

From Assumptions (A1) and (A2), we have

(3.8) ~9(5) <6 <g(2)2
and
(3.9) 2<a[59(3)] G il ze,

which implies

/uutdx—i—/ zztdI‘—i—/ zudF’ <
Q Ty I'y

by the use of the Cauchy—Schwarz inequality and (2.1). Accordingly, from (1.3), we
obtain

VI(t) < E'(t) — Ciey(E(1))E'(t)

+ e (E(t)) /u%f%|VU|2+Clwufd:z:+/
Q

C122 — 2g(2) — zf(zt)df}
Iy

< B'(t) - C1eE' (1)

+ep(B(L) /Q _u? - i\Vu\Qda: + [ —ae) - zfdf]

I

r 2
+ e (E()) / 2u? + Crwu? — @dm + Cy27 — zf(zt)dF]
L/ Q Iy

< B(0) ~ Cie B (1) = 3 (B) B

+ e (E(t)) / 2u? 4 Crwuidr + Cy 2} — zf(zt)dF] ,
/o

Iy
noting
V'(E(t)) = ag”(aB(t)) < sup{¢"(s); s € (0,7]} < o0

due to Assumptions (A3).
Step 2. For dealing with the term fQ u?, we need the following lemma, which will
be proved later.

LEMMA 3.2. There exist two positive constants Ty and C’, depending on r and n,
such that for any T > T1,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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/OTz/)(E(t)) /Q W2dadt

¢t T
ST/O Y(E(t)) . G(z)dth+C/0 —FE'(t)dt

c’ /OT Y(E(t)) (/Q wu?dw—i—/rl 22 +f2(zt)d1“) dt.

Making use of this lemma, we infer that for T > T7,

(3.10)

T T 1
/ VI (t)dt < / {E’(t) ~CheE'(t) - 251/}(E(t))E(t)] dt
0 0
T
(3.11) + Cl/o Eqp(E(t))/Qwutdxdt
T 1
+Cl/0 ep(E(t)) /F1 [zf + F2(z) + |2f (z)] + TG(z)} dTdt.
Step 3. Let ¢* denote the Legendre transform of ¢ (see [15]) given by

(3.12) ¢*(s) = 5¢' "1 (s) = B¢ 1(5)), s> 0.

Exploiting (3.11), we will control fo V'(t)dt with the terms
T T T
[ B [ oweon - [ sEoEod
0 0 0
Clearly, by (3.2),

T T
(3.13) L= /0 /Qw(E(t))wutdmdtg /0 _Crep(B(0))E (t)dt.

Using (3.3) and Young’s inequality, we have

T
L= C / / e (E(t))-2dTdt
I'y

<C1/ /Gz ep(E(t))zef( zt)dI‘dtJrCl/ /G1 e(E(t)) Edth

<o / SO(EW) (B (0)dt+ Cr [ [a¢*<w<E<t>>>+e [ ¢<z3>dr] it

<G {/O E¢(E(0))(—E’(f/))dt+/0 —EE'(t)dHE/O ¢*(¢(E(t)))dt}

due to (3.2), (3.7), and (3.4), where

(3.14)

Gy:={x el |z| <1}, Go:={zely;|z| >1}.

Moreover, for any 7 > 0 with ¢(7) := ﬁ +1,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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ey " eu(B() / |

< /OTm(E(t))/Fl {;G(zwmﬂ drdt

FP(z) + |2f(ze)| + %G(z) dTdt

T
o) /O B (E(1)) /F o)A )t
= Iy + Is.

Put
Ry:={x el |z| <1}, Rp:={xeTy;lz|>1}

using Young’s inequality and noting

1, z [z
G(z) > 3¢ for |z| > 1 (by (3.3)) and 59 (5) < G(z),

we infer from (3.7) and (3.5) that
T
_ 1 2
I, = 01/0 61/)(E(t))/rl [TG(z) +7z ] drdt
T T
2
< /0 . Ciep(E(t))TG(2)dTdt + 01/0 /Rl Teg(2*)dldt

T ) T Cl
+Cm/0 o (w(E(t)))dt+/o sw(E(t))/Fl LG ()drdr

T 1 T T
<C — E(t))E(t)dt E(t)dt *(Y(E(t)))dt p .
< {/ (74 7 ) evoE@B@an+ [ rebos [ reotwiE@) }
Now, we take Ty = T} + 12C;. Letting T > Ty and 7 = 7(FE(T)) with

r(s) == T OT L+ () s), 5 >0,

we then have

T

1 /7 )
(3.15) <t / e (B E(t)dt + Cs / eo* (V(E(t)))dt.

Next, taking ¢y € (0, 1] such that \/c(7)|f(s)] < 1if |s] < to, we define
Fi={zely; |z <t}, Fo={xecly;|zn| >t}
Making use of (2.2), (3.2), Young’s inequality, (3.6), and (3.7) gives
T
L=0 / c(E(1) / (7)1 (z1)dTdt
0 r,
T
<Co [ cetrpp(E®) [ f)udra
0 F»

+ Cq /0 ec()Y(E(t)) | f*(z)dDdt

I
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e / —ec(rYW(E (W) E (t)dt + Cy / /F ed(c(r) f2(z0))dTdt
T 1
e / e6™ ((E(1)))dt
<C’2/ / e e(T) | f(ze)| ha (W e(T) | f(z)])dDdt
+Cs [ —eelrppB@)E Wt + 0 / 0" (W(B (1)t
<02/ / /() | (20)| B (C/e()hi(CY | (z0)|)dTdt

+02/O —ec(T)b(E(t ))E()dt+Cz/ e¢” (Y(E(1)))dt.

Observe

[f(z0)| P (CTHf(z))dD < | [F(20)| ha(hy " (|2¢]))dD

F1 Fl

f(Zt)thF S *E/(t)
F

by (3.4) and (3.2). Accordingly,
T T
Is < Cs /0 —ee(r)W(E(0)E'(t)dt + Cs /O e\ ST (Ce(T ) E () dt
T
+C’2/0 ed*(Y(E(t)))dt.
Combining this and (3.11)—(3.15) together, we obtain
[ v s [ et weson - e a
(3.16) 7° .
+/0 {1-Cge[1+e(r) + Ve (cv/em)] } Bt

Step 4. Taking a suitable ¢, we will drop the controlling term in row 2 of (3.16),

and show that V (t) is equivalent to the energy FE(t).
Observe, by Young’s inequality, (3.12), (3.7), (3.5), and (3.8),

“u(E) |

NP

e < Cieo (W) + Cie [ K ((;)2) ar

< Cheld! (aB(D)aE(t) — d(aE(t))] + Che / G(z)dr

T2
< Ched/ (aE(0))aE(t) + Cle / G(z)dr
Iy
< CyeE(t),

where I'13 := {z € I'1; |2| < 2}. From this and (3.9), we have
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/uutder/ zztdFJr/ zudI" < CheE(t).
Q I Iy

e=¢e(E(T))

ep(E(t))

Let

with

e(s) := Qé’é [1 + c(7(8)) + Ve(r(8))ha (C\/C(T(S)))} o , s>0

(an increasing function). Then

eY(E(t)) /Quutdz—b-/rl Zztdr+/1“1 zudF‘ < %E(t)7
so that
1 3
(3.17) iE(t) <V({) < §E(t)

Also, it follows from (3.16) that

(3.18) | v < [ {cieo o) - Jummee)

Step 5. From (3.18), we will derive a discrete inequality for V' (¢) which enables
us to obtain the energy decay rate by means of [13, Lemma 3.3].
Take a > 0 small enough such that aC% < i, and notice

¢*(Y(E())) = ¢ (aE(t))aE(t) - ¢(aE(t)).
Then (3.18) becomes

r / r ! ]‘ / !
/0 V/(t)dt <e /O <02a - 4) ¢ (aE(t)E(t) — Cho(aB(t))dt

T
< /0 —eChp(aB(t))dt.

From this and (3.17), we get

e (§V(T)> é (Q;V(T)) T < V(0) - V(T).

As in [13], we fix T' = Tj and define

o) - cie(26) o (%),

and it is easy to see that p(x) is a positive, increasing function with p(0) = 0.
Also, the same arguments apply to the time interval [mTp, (m + 1)Tp] for any
positive integer m. Thus, we have

V(mTy + To) + p(V(mTo + Tp)) < V(mTy), m=0,1,...

Using Lemma 3.3 in [13], we get

V(t)gS(t—l), t> T,
Ty
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where S(t) is the solution of

45(0) +a(S(1) =0, S0)=V(0)

with ¢(s) := s — (I + p)~!(s). Therefore, by (3.17), we obtain E(t) < 2V/(t), which
ends the proof. ]

Remark 3.3.

(1)

In the above proof, we used a Lyapunov function V' (), which is equivalent to
the energy F(t) and somewhat similar to the one in [15], but estimating V' (¢)
here turns out to be much more difficult. Indeed, the inner damping is only
local (in contrast to that in [15]), and it takes time to control the whole energy
of the system, so an estimate with time integral is definitely involved (see
Lemma 3.2). Thus, we are unable to derive a nonlinear differential relation
for V(t) (asin [15, (2.9)]). We ended up obtaining the decay rate of V() from
a discrete inequality for V'(¢) with the help of a lemma in [13]. In our case,
another new difficulty is caused by the lack of compactness in the dynamics
on the boundary; this means that a compactness-uniqueness type of argument
would fail (as explained in section 1). We then adopted the convex function
¢ (also used in [15] to control the inner damping term) to subtly control the
boundary term g(z) as well as the boundary damping term f(z).

. We would like to say that the local inner damping is important for the proof

of Theorem 3.1. One of the key points is how to control the boundary term
fFl u2dl’ (see the proof of Lemma 3.2). Due to the existence of term 2, one
cannot obtain the estimate for fFl u?dl only from the boundary damping
f(z¢). In fact, without the inner damping, the energy would not decay in a
uniform way (as indicated in [6]).

Ezample 3.4. Let Assumptions (A1) and (A2) hold. Suppose that there are o >
B >1and C,c> 0 such that for |s| <1,

Cls|= > |f(s)] = cls|*, |g(s)] = c|s|”.

Then we have

(3.19)

Coe_cot, if a=1,
E(t) <{ Colt+1)75, if 1<a<3,

4
Co(t+1) @z, if >3,

where Cy, ¢o are positive constants depending on E(0).
Indeed, take

hi(s) = es®,  ha(s) = es”,
(;S(.s):csaTH ifa=1lora>3, ¢(s)=cs?ifl<a<s3.

It follows that for s small,

a2-1 (a41)2 (at1)2

e(s)~e1s T, p(s)~cas T, q(s)~egs T, ifa=1, ora>3,

4

e(s) ~ 182, p(s) ~cast, q(s) ~esst, ifl<a<3

(c1,¢2, and c3 are positive constants depending on E(0)). This leads to the estimate
(3.19) in view of Theorem 3.1
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Now it remains to prove Lemma 3.2.

Proof of Lemma 3.2. We use the cutoff technique (cf. [16]) to overcome the
problem caused by the term u; on T'.

Step 1. Write

Ty = [ J{y e R"; |y — 2| <},

zel

with b > 0 a small constant. We then construct a cutoff function p(z) € C§°(R"™)
satisfying

0<¢p(r) <1,

e@)=12z€R"\Q)NQ2Q\Q,
o(z) =0, 2 € Qo U(R™\ Q);

here Qq, Q1 are two open domains with
I'y CQo C Qi CR™\ (2\ Q)

and - -
QoN(Q\Q1) =0, Qin(Q\Q,) =0
Multiplying (1.1) by ¢z - Vuy(E) and integrating in time and space, we deduce

(3.20)
/ / —uf (1 — —) |Vu|?dzdt
Q@ 2

g/ w(E)/w w%+ PLY (2 |Vul?)dTdt
0

2

T
- / ox - V) (E)| L de + / V' (E)E'ox - Vuudzdt
Q 0o Ja

T T
+/ w(E)/71|Vu\2+5(71)wutdxdt+03/ ¢(E)/ u? + |Vul?dxdt
0 Q 0 QNQ1

T
< Cyu(B(0))E(0) - Cs /0 W (E)E' Edt

T T
—|—/ w(E)/ 1| Vul|? +E(7’1)wu§dacdt+03/ w(E)/ ui + |Vul?dxdt
0 Q 0 QNQ,

< Cyu(E(0))E(0) + Cs / H(E) /  [vurdzar

T
+/ w(E)/71|Vu\2+5(71)wufd:cdt
0 Q

for any 7 > 0 (é(m1) is a positive constant depending on 71). Here, we used the
equalities

/ px - Vuuydr
Q

d

1
= gpx Vuutda:—g/cpx v|ug|?dT + = /le o) |ug|*de,
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/ vz - Vuludz
Q

1

d
z/wz-Vu—udF—f/gaa:-MVuFdf
T dv 2 T

17 - d(¢zy) Ou Ou
+3 /Qd“’(@f”)‘v“' d /sz; Oz; Oy axjdx’

moreover, we used the Cauchy—Schwar inequality, the increasing property of 1 (s), the
decreasing property of E(s), and the estimate

T T
(3.21) - /O W' (E)E'Edt = — /O Edp(E) < E(0)¢(E(0)).

On the other hand, multiplying (1.1) by ¥(E)u and integrating in time and space,
we also have

T T
/0 W(E) /ﬂut _ | Vul2dzdt SC’gw(E(O))E(O)-i-Cg/O W(E) /F 22dTdt

T
(3.22) +/0 QZJ(E)/QTHVUF+6(Tl)wufdxdt.

Next, we try to obtain an estimate in terms of [Vu|. Combining (3.20) and (3.22), we
have

(3.23)

T
/w(E)/ |Vu|?dxdt
0 O\Q1
y— D24 (1= 2) \vul? = Z(u? — |Vul?)dudt
= [ [ G (1 5) 19 - G - 9y
T T
n 2 _n 2 n 2 2
g/o (E) /Q\Q1 v+ (1= ) |Vuldedt + ‘/O W(E) /Q\Ql(ut Vuf?)dzdt
T
< Cap(BO)EO) + Gy [ () [ s2ava
0 Iy

T T
+Cg/ ¢(E)/n|vu|2+é(¢1)wufdxdt+cg/ w(E)/ |Vu|?dzdt.
0 Q QNQ1

0

From now on, the general constant C5 also depends on n. Multiplying (n — 1) by
(3.23), together with (3.20), leads to

T
/w(E)/ uf + |Vul*dzdt
0 O\Q1
T
< C39(E(0))E(0) 4 Cs / Y(E) / zpdldt
0 Ty

T T
—1—03/ w(E)/ 7'1|Vu|2+5(7'1)wufdmdt+03/ w(E)/ |Vu|?dzdt.
0 Q QNQy

0

This, together with (3.20), implies
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(3.24)
T
/ ¢(E)/ u? + |Vu|?dzdt
0 Q

T
= / zp(E)(/ +/ )uf+ |Vul*dzdt
0 Q\Q1 QNQ1

T
< Cyu(E(0))E(0) + Cs / H(E) / 22drdt
0 I
T T
2 - 2 ‘ 2
Lo /0 W(E) /Q A |Vul? 4+ &) wuldzdt + Cs /O W(E) /Q  (Vufdrat

Step 2. In order to deal with fOT Y(E) [ong, |Vul*dzdt, we define a cutoff function
&(z) € C§°(R™) that satisfies

Here )5 is an open domain with

Q1 C Q2 CR"\ (2\ Q)

and S -
QiNQ\Q2) =0, Q2N (2\Qy,)=0.
Multiplying (1.1) by up(F) and integrating in time and space, we then obtain

T T
0= /Q Euugp(F)|Edx — /O Y(E) /qufdxdt— /O V(E) | Euzdldt

I

+/OT 1/J(E)/Q§wuutdmdt/OT/QW(E)E’fuutdxdt

- e, / Y- edadt — / ") /| Y Agdeds
v [ v [ avpaa

Due to the construction of &, we have
T
/ w(E)/ |Vu|*dadt
0 QNQ1
T
(3.25) < C39(E(0))E(0) +Cs / Y(E) / 22dldt
0 Ty

T T
+ 03/ w(E)/ To|Vul? + &(ro)wuidrdt + C3/ w(E)/ u?dxdt
0 Q 0 QNQ2

for any 7o > 0; here, we used the Cauchy—Schwarz inequality, (2.1), and (3.21).
Step 3. To estimate fOT Y(E) fszsz u?dxdt, we construct another cutoff function
B(x) € C§°(R™) satisfying

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/09/18 to 143.89.16.84. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1318 YUAN GAO, JIN LIANG, AND TI-JUN XIAO

0<B(x) <1,
Blx) =1, z € Qq,
B(z) =0,z € Q\Q,

Let v(z) be the solution of the following elliptic problem:

Av = B(z)u, x € Q,
’UZO, mGF(),

)
(3.26) c’TZ —0,z€T;.

We multiply (3.26) by v(z) to deduce that

|Vv|?de = —/ Buvdz < Cs (/ ﬁu%ix) (/ U2dx> .
Q Q Q o

Thus, using Poincare’s inequality gives

(3.27) / vidr < C3/ Budz.
Q Q

Similarly, we have

(3.28) / vide < 03/ Buida.
Q Q

Next, multiplying (1.1) by ¢(E)v and integrating in time and space yields

o:/Qvutw(E)g”dx—/Oqu(E)/Qvtutdxdt—/OTw(E) /F vz dldt
+ /O Tz/)(E) /Q wougdzdt — /O ! /Q ' (E)E vudzdt — /O ! P(F) /Q ulAvdxdt.

Thus, employing Young’s inequality, (3.27), (3.28), and (3.21), we obtain

A Tw(E) /Q o u?dxdt

T
(3.29) < Ca(BO)EO) +C [ w(B) [ starde
0 1

T
+ 03/ w(E)/ T3u? + &(m3)wuldrdt
0 Q

for any 73 > 0. Now, combining the above estimates (3.24), (3.25), and (3.29) and
choosing 7y, T2, 73 small enough, we see

T T
/ w(E)/ |Vu|2+ut2dxdt§C3w(E(O))E(O)+C3/ w(E)/ Z2dldt
(3.30) 0 Q 0 Fl

T
+C'3/ w(E)/wufdfcdt.
0 Q
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Step 4. Tt remains to estimate ¢(F(0)) £(0). By adding fOT Y(E) [p, (22+G(2))dldt
to (3.30), we get

T T
| wE)Ed < ConBO)EQ) + Ca [ () [ witdod
0 0 Q
T
. C. 2+G :
(3.31) 4 3/0 ¢(E)/Flz + G(z)dTdt
Notice from (3.2) that

Y(E@R))E(t) = (E(0))E(0) + ; V' (E)E'Edr

_/otw(E) (/Qwufdx—i-/rl ztf(zt)dl“> dr

YI(E()) = ¢"(aB(t))a.
Combining this with (3.31), we obtain

rTsup{¢”(s); s € (0,r]} T /
Y(E(0)E(0) < -G, / —Edl

T T
+ T—0C, /0 P(E) (/Q wuidr + /F1 th(zt)dF) dt
C T
T _303 /U V(E) (/F1 22 + G(2)dT +/Qwu§dz> dt

for T > C'3, This and (3.30) together yield
T
/ 1{)(E)/ uZdxdt
0 Q

C? T C3rTsup{¢”(s); s € (0,7]} T ,
< T_Cg/o W(E) /F G(z)dldt + — /0 _Edt

T C? CsT CsT
El 3 2 3 2 F
—|—/O Y(E) (T_OS—|—T_C,3>/Qwutdas—l—T_C3 Flf (z¢)d

CsT )
T
* <C3+T—C3>/rlztd

T, =2C3, C' =202 +3C3 +2C3rsup{¢”(s); s € (0,7]},
we then obtain the estimate (3.10).

and

dt.

Taking
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