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Abstract

Microscopic behaviors of chemical reactions can be described by a random time-changed Poisson pro-
cess, whose large-volume limit determines the macroscopic behaviors of species concentrations, including
both typical and non-typical trajectories. When the reaction intensities (or fluxes) exhibit a separation
of fast-slow scales, the macroscopic typical trajectory is governed by a system of e-dependent nonlinear
reaction rate equations (RRE), while the non-typical trajectories deviating from the typical ones are char-
acterized by an e-dependent exponentially nonlinear Hamilton-Jacobi equation (HJE). In this paper, for
general chemical reactions, we study the fast-slow limit as ¢ — O for the viscosity solutions of the asso-
ciated HJE with a state-constrained boundary condition. We identify the limiting effective HJE on a slow
manifold, along with an effective variational representation for the solution. Through the uniform con-
vergence of the viscosity solutions and the I"-convergence of the variational solution representations, we
rigorously show that all non-typical (and also typical) trajectories are concentrated on the slow manifold
and the effective macroscopic dynamics are described by the coarse-grained RRE and HJE, respectively.
This approach for studying the fast-slow limit is applicable to, but not limited to, reversible chemical reac-
tions described by gradient flows.
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similar technologies.
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1. Introduction

In practical biochemical reactions, the separation of time scales among different reactions is
a common phenomenon. For instance, a gene in its active state transcribes mRNA at a much
faster rate than when it is inactive [19,14]. An important modeling question is to find an accurate
and effective description of the system on the slow time scale such that the essential features,
including macroscopic typical and non-typical behaviors, are still present. The mathematical
question then is to show that both the multiscale and the effective descriptions are close to each
other in the practical limit.

In this paper, we are interested not only in the macroscopic typical behavior of chemical
reaction systems, but rather the non-typical fluctuations deviating from the typical dynamics. To
be more precise, various macroscopic behaviors of the chemical reactions result from a multiscale
stochastic random time-changed Poisson representation (see reaction process X" in (2.3)). In the
law of large numbers regime, the typical trajectory in terms of the concentration of species is
described by a nonlinear ODE for the concentrations x; of species i € Z, known as the reaction-
rate equation (RRE)

d &€
= 2 (W) — )y
reR | (RRE,)
= Y (e v )t Y (B0 - U (65)
r€Rglow ¢ r€Rfast

where \IlﬁE represents the forward/backward intensity functions and y; is the reaction vector for
the r-th fast or slow reaction with r € Rgjow Or r € Ry, respectively. Here, we assume that only
two time scales are present, and that the fast intensity functions are all on the O(1/¢) scale. In
the large deviation regime, the non-typical trajectory can be characterized by a Hamilton-Jacobi
equation (HJE) with its variational solution representation: given initial data u € C L),

du(x, 1) + He(x, Vu®(x,1)) <0, (x,1) € 2 x (0, +00);
uf(x,t) + He(x, Vul (x,1)) =0, (x,1) € Q2 x (0, +00);
' (HJE:)

ut (x, 1) = inf (u§(x(0)) + / Le(x;, %) ds).
xeAC([0,1];2), x(t)=x o

This HJE results from the nonlinear semigroup solution in the WKB expansion (cf. [16,10,11])
of the chemical master equation (see Section 2.4 for details). The multiscale Hamiltonian H, and
Lagrangian L. are related by the Legendre transform, and
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H.(x, p) = Z \Ilj'(x) (e)’r~p _ 1) + W (x) (e_V"p _ 1)
7€Rslow
1>l (1.1)
- + P - ~¥ep _
+ e Z W (x) (e 1) + W (x) (e 1) .

r€Rfast

Here Q C R/ is the domain of concentration vectors, which we assume to be bounded and having
a positive distance to the boundary dR ﬂr We refer to Section 5 for more details, where viscosity
solutions of state constrained HJE on bounded domains €2 are defined in Definition 5.2.

In the above descriptions, ¢ is fixed. To derive the effective descriptions, we analyze the limit
&g — 0 for (RRE;) and (HJE,).

For the typical behaviors described by (RRE,) with multiscale reaction intensities, [6] ob-
tained the effective reduced RRE using methods from deterministic dynamical system theory for
singularly perturbed systems. The set of fast equilibria, &gt = {x : q/:r x) =¥, (x), Vr e Rfast}
was determined in [6]. This set later defines the slow manifold Mg = Eggt N 2, to which solu-
tions of (RRE,) converge. On the slow manifold the effective dynamics can either be described
by projected coordinates, or by coarse-grained variables that parametrize the slow manifold. [15]
established a systematic probabilistic approach to determine effective chemical master equations
and RRE applicable to large chemical networks. Under the detailed balance assumption, i.e.,
assuming the existence of an invariant measure such that the reaction process corresponding to
(RRE;) is reversible, gradient flow approach is used to study the convergence of (RRE,) to the
effective dynamics on the slow manifold; see [22] for linear reaction systems and see [21] for
nonlinear reversible reaction systems.

In this paper, for general non-equilibrium chemical reactions, we study the convergence of the
corresponding (HJE, ) with state constraints and the characterization of its solution representation
in the limit ¢ — 0. In particular, we are going to show that solutions u* of (HJE;) converge to u*,
where the limit u* solves a corresponding HJE involving an effective Hamiltonian Hegr and an
effective variational representation. This tracks and identifies the limiting behavior of the large
deviation rate function for non-typical paths as ¢ — 0. The effective Hamiltonian dynamics for
non-typical trajectories also recovers the effective RRE.

Challenges and strategies: The challenges are brought by (i) the large deviation from the
typical path described by RRE, (ii) the irreversibility of general reactions, and (iii) the singu-
larity in both the variational representation and HJE due to fast-scale reactions. First, to capture
the multiscale dynamics for non-typical path, we study directly (HJE,). The typical trajectories
solving (RRE;) or the effective RRE can then be recovered as a special bi-characteristic for
the (HJE,) or the effective HJE. In contrast to solutions of the RRE, where the boundary is re-
pelling, we have to treat non-typical paths near the boundary carefully. In order to identify the
effective variational functional in the asymptotic limit, we use I'-convergence techniques. The
action functional provides a priori estimates even when the trajectories are close to the boundary.
Hence, our result on the I"-convergence holds on Rio. However, to rule out degeneracy in the
Hamiltonian due to loss of coercivity near the boundary, we restrict the analysis of HJE solutions
to a suitable working domain and consider a state-constrained HJE. Secondly, for the irreversible
issue, one loses the gradient flow structures in RRE, so the convergence to the effective dynam-
ics on the slow manifold can not be obtained via the limiting behavior of gradient flows. We
propose a weaker fast detailed balance condition (see (FDB)) to ensure the fast part of RRE be-
ing a gradient flow. It requires the existence of a x} € Rﬂ_ :={x e R’; x; > 0 for all i} such that
Wt (x¥) = W, (x¥) holds for all r € Ryas. Following [21], we assume in addition that the fast part
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of the RRE satisfies the so-called Unique fast equilibrium condition (UFE) to exclude repelling
boundary equilibria. These two conditions are to ensure the compactness of non-typical paths
beyond the reversibility and also allow linking the effective dynamics on the slow manifold to
projected or coarse-grained dynamics via a uniquely determined analytic reconstruction map R.
Relying on this compactness and an explicit reconstruction of the reactive fluxes for the fast-slow
system from the effective action functional Lefr, we are able to show I"-convergence of the action
functionals £, (see Theorem 4.2). Finally, due to the singularity in the coefficients of Hamilto-
nian H,, the variational representation for the state-constraint solution is not uniform in ¢. We
take the singular limit in both the viscosity solutions to (HJE) and the variational representation
for the solutions. The convergence of viscosity solutions is obtained via a Lipschitz estimate uni-
formly in ¢ and the convergence of the variational representation follows from the I'-convergence
of the action functional. Particularly, these two convergences are matched together on the slow
manifold Mg = Egage N Q2. We finally obtain that the limiting variational representation solves the
effective HJE on the slow manifold Ms. Moreover, we use the reconstruction map R to express
the effective functionals and the variational representation by coarse-grained variables.

Main result: Below, we state our main result in a concrete way, with reference to the condi-
tions, notations, and explicit functionals provided later (see Legr in (3.2), Hegr in (3.3), Assump-
tion 5.3, Mg in (6.1) and Definition 6.3).

Main Theorem. Let Q@ C R be a bounded open domain such that Q C Ri. Let initial data ug,
be well-prepared satisfying Assumption 5.3, and assume both conditions (FDB) and (UFE). Then
the viscosity solutions u® to (HJE.) converge to u* uniformly on K x [0, T, for any compact
subset K C Mg. Moreover, for any (x,t) € Ms x (0, +00), the variational representation of
viscosity solution

t
u®(x, 1) =inf { ug(x(0)) + / Lo(x(s), %(s))ds : x € AC([0, ], ), x(t) = x
0

converges to the limiting variational representation

t
u*(x, 1) = inf {uj(x(0)) + / Legr(x(s), X(s)) ds : x € AC([0, 1], Ms), x(1) = x }.
0

Last, u* solves the effective HJE in the viscosity sense

alu(-x’ t) + Heff(-x’ dxu(-xv t)) S Ov (-x9 t) € Mg X (07 +OO),
Oru(x, 1) + Hepr(x, dxu(x, 1)) =0,  (x,1) € Ms x (0, +00), (1.2)

u(x,0) =up(x), xeMs=Ms.
The main theorem will be proved via the following procedures. In Section 2, after reviewing
the motivation and basic setup for RRE and HJEs, we state both conditions (FDB) and (UFE),

define necessary spaces separating fast-slow dynamics, and introduce the reconstruction map R.
The effective dynamics on the slow manifold Mg will then be equivalently connected to the
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coarse-grained or projected dynamics. In Section 3, we explicitly compute the fast-slow Hamil-
tonian and Lagrangian with some lower bound estimates. We also compute the effective and
coarse-grained Hamiltonian and Lagrangian as a preparation for later sections. In Section 4,
we prove the I'-convergence of e-dependent action functional of general absolutely continu-
ous curves on any bounded subset of R[>o under the two conditions (FDB) and (UFE). The
I'-convergence result consists of the compactness for curves with finite action (see Proposi-
tion 4.3), the lower bound estimates for the action functional for any curve that converges weakly
in L ([0, T1; ]R’> ) (see Proposition 4.5), and the upper bound estimate via the construction of a
strongly convergent recovery sequence (see Proposition 4.6). The resulting effective action func-
tional regulates the trajectory staying on the set of fast equilibria Eg,g. In Section 5, we prove the
convergence of viscosity solutions u° to the state-constraint (HJE,) in Corollary 5.7. Due to the
degeneracy of H, in the momentum variable p in some directions, it is necessary to establish the
coercivity and Lipschitz estimates in a non-degenerate subspace. Due to the lack of uniform coer-
civity near the boundary, we also consider state-constraint solutions u#® on the domain €2 that has
a positive distance away from 8R§_. Based on well-prepared initial data with uniform C' bounds
and a vanishing gradient in the direction of fast reactions, we first obtain the uniform Lipschitz
estimates in time-space for u® separately for fast/slow directions (see Theorem 5.6). This ensures
the uniform convergence to a limiting solution u*. In Section 6, we connect the convergence of
solutions of (HJE,) and the I'-convergence of the solution representation to finally identify the
limiting solution u™*(x, r) for x € Mg and its variational representation via the effective action
functional (see Proposition 6.1). This limiting characterization proves that u* solves the effective
HIE (1.2).

In summary, we obtain the convergence of (HJE.), without the reversibility assumption for
the chemical reactions, and thus allowing applications to non-equilibrium biochemical systems.
The justification of this convergence not only helps the identification of slow manifold and the
effective RRE dynamics, more rich information comes along including the limiting behavior of
the fluctuation estimates and the fluctuations for the effective dynamics itself. The developed
I'-convergence approach and Hamilton-Jacobi method for characterizing effective non-typical
dynamics and fluctuation information does not require reversibility or linearity, so we believe it
can be extended to other stochastic systems.

In previous works, I'-convergence has been used to derive effective systems in the context of
fast-slow chemical reaction systems. For gradient-flows, I"-convergence for the functionals that
define a gradient structure is derived in [22] for linear reaction systems, in [21] for nonlinear
reversible reaction systems and in [25] for linear reaction-diffusion systems. There, the detailed-
balance assumption is crucial to apply gradient flow approaches. The I'-convergence result from
Theorem 4.2 is an extension to irreversible reactions under the same assumption (UFE) as in [21]
and an additional condition (FDB). In terms of large deviations for multiscale chemical reactions,
the formal WKB expansion approach has been extensively studied and applied in biochemical
systems, cf. [14,3,5]. Rigorous large deviation results for chemical reaction processes are lim-
ited to specific two-scale system [18] or under linear reaction assumptions. ['-convergence for
the large-deviation rate functional of both concentration and fluxes is shown in [23] for gen-
eral irreversible but linear fast-slow reactions. In terms of singular limit of general HJEs raising
from optimal control problem with two time scales, there are thorough studies via similar PDE
approach such as asymptotic expansions or I'-convergence, cf. [4,1]. However, due to the separa-
tion of fast-slow domain variables in HJEs with or without periodic assumptions, those fall under
homogenization problems, so reviewing such literature goes beyond the scope of our paper.
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The remaining paper is outlined as follows. In Section 2, we review the basic setup and motiva-
tions for studying the singular limit of (HJE,). In Section 3, we compute explicitly the fast-slow,
effective and coarse-grained Hamiltonian/Lagrangian. In Section 4, we prove the I'-convergence
of e-dependent action functional to the effective one. In Section 5, we obtain the convergence
of the viscosity solution to (HJE,). In Section 6, we obtain the variational representation for the
limiting viscosity solution and identify the effective HJE.

2. Setup and basic properties for e-dependent fast-slow chemical reaction system

In this section, we review the basic setup for ¢-dependent fast-slow chemical reaction system
with the associated (RRE;) and (HJE,). First, we introduce definitions and properties of fast-
slow RRE with conserved quantities. We also introduce the fast-detailed balance assumption and
provide preliminary propositions on characterization of the effective RRE and the reconstruction
map. Finally, we derive the HJE using WKB expansion for the chemical master equation.

2.1. Chemical reaction systems

Chemical reactions involving [ species X;, i € Z={1,---,1} and R reactions, indexed as
re R={l1,---, R}, can be kinematically described as
+ ke -
reactionr € R : Zy”. X; k—\—) Zy”. Xi, 2.1
1 l

r

where the nonnegative integers yrjl.E > ( are stoichiometric coefficients and kfﬁ > ( are the reaction
rates for the r-th forward and backward reactions. Throughout the paper we will assume the
following type of weak-reversibility: Vr € R we have k" = 0 if and only if k;” = 0. The column
vector ==y, —¥," == (v;; —¥,1),_,.; € Z" is called the reaction vector for the r-th reaction,
counting the net change in molecular numbers for species X;. For notational convenience, we
introduce the so-called Wegscheider matrix G € RR*! defined by

GeRM G,.i:=y. (2.2)

Let N be the set of natural numbers including zero. In this paper, all vectors X = (X;);—;.; €
N’ and (W,),cr , (k),er € RE are column vectors. Let N be the state space for the counting
process X, (¢), representing the number of each speciesi = 1, - - - , I in the biochemical reactions.
With the reaction container size 1/h >> 1, the process X?(t) = hX;(t) can be modeled as the
random time-changed Poisson representation for chemical reactions (see [17,2]):

t 13

1 1

X" =X"0)+ )Y yh (Yr+ . f WX ) ds [ =Y | / W (X" (s)) ds ) (2.3)
reR 0 0

Here, for the r-th reaction channel, Y,i (t) are i.i.d. unit-rate Poisson processes, and \Il,i(X M is

the intensity function. We will use the common form for the intensity function \IJ;E(X ") that is

given by the macroscopic law of mass action (LMA):
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1
VEE =k [T 2.4)
i=1

Macroscopically, the change of concentration can be described by the so-called reaction-rate
equation (RRE), given by

f0 = RE) = Y (W) — W @)y, WE@ =k [

reR i

where the natural state space of concentrations is given by C := ]Rio :={x eR’; x; >0 forall i}
as the largest living space for x. We also recall RZ. = {x € R’; x; > 0 for all i}.

Although the (RRE) is not our primary objective of investigations, we collect here some prop-
erties, which will also be important later. Important quantities that help to analyze the (RRE)
are the so-called conserved quantities g € R’ such thatg e T+ ={g eR’:Vy eT':q -y =0},
where we define the stoichiometric subspace I" := span {y, : r € R}. (Note that we do not assume
that they are linearly independent.) In particular, for the RRE, ¢ - x(¢) is not changed along the
evolution (which also clarifies their name). Fixing a basis ¢, ..., g;; of '+, we define the matrix
0 € R™*! by its adjoint QT = (g1, ...,qm) € R*™. By construction, Q7 is injective, Q is
surjective and ker(Q) =T.

2.2. Fast-slow RRE and conserved quantities

As explained in the introduction, we assume the rate k, for all reactions appear to be only two
scales. That is, the fast reaction has a 1/¢ order while the slow reaction has order O(1). To be
more precise, we split

R= Rslow U Rfast

such that

kE =kt (e) = ki 1€ Raw

k;t, r e Rslow-

Then the fast-slow RRE becomes (RRE,), i.e.,

1
(1) =Ratow(x (1) + ~ Reast (x(1))

1
=3 (\Ij;"(x)_\ljr_(x))y,—}—g D7 (Y@ - ¥ @) v (2.5)

7€ Rslow 7€ R past

Similar to the general system, we define the fast stoichiometric subspace 'yt = span{y; :
r € Reast). Then, we have '+t C T ést, and mg = dimf’é-1st >m = dimI't. Extending the basis
qis---,qmof [ to a basis q1, - Gmp, Of Fflast, we define the conservation matrix Qg : RY —

R™ast by QF = (q1, ..., qmyy) € R7™st In particular, we have

7
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T 1
kerQfast = I'fast,  Tange Qo = I

Moreover, we set

Q:={Qpastx € R™™: x €C} . (2.6)

In the following we will call, elements q € Q fast conserved quantities because they are the slow
dynamic variables and do not change for the fast part of the evolution. For future reference, we
also define the fast Wegscheider matrix for the fast conserved quantities

Gfast € RRxthla Gfast =G QfTasp (2-7)

Heuristically, for small times the fast part Re,g(c(¢)) of (RRE,) will dominate, while for larger
times (¢ > ¢) the slow reactions drive the evolution and the fast parts are in equilibrium. Thus we
define the set of fast equilibria that defines later the slow manifold of the evolution:

Ersti={x€C: VreRpg: ¥ (x) =V, (x)}.

For consistency, we cite the following classical convergence result, which goes back to D. Bothe

[6].

Theorem 2.1 ([6]). Let x® be the solution of the fast-slow (RRE;) with initial values x¢(0) =
xg > 0. Assume that x; — x5 > 0. Then we have x* — x* € C([0, T], Ri), where x* solves the
following effective RRE: we have x*(t) € Eggt for t > 0 and its evolution is described by the slow
reactions only and a Lagrange parameter that forces the evolution to stay on that set, i.e.

= Raow (™ (1) + A(1),  x™(t) € Erasts A1) € Trast, X" (0) = xg. (2.8)

This theorem characterizes the effective evolution. Moreover, we will see in Proposition 2.6
that the effective evolution can also be described in other ways by using projections, or coarse-
grained variables.

2.3. Assumptions on the fast reaction part and the reconstruction map

Instead of analyzing the (RRE,), we are going to investigate the fluctuations around the typical
path. For that we need two assumptions on the reaction system. The first assumption states that
the fast reaction part x’ = Ry, (x) is a detailed balanced reaction system. The second assumption
is a condition on the fast equilibria &g, which allows a resolution of &g, by the fast conserved

quantities q € Q.

Assumption 2.2 (Fast-detailed balance assumption). Suppose there is a positive equilibrium
state x; € ]Ri, such that the fast reactions are in detailed balance, i.e.

I} e RL suchthat W (x)) = W, (x)), Vr € Rt (FDB)

8
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This assumption implies that the fast reaction part x’ = Ry (x) is a detailed-balanced reaction
system with equilibrium x;. Note that x} may not be an equilibrium of the whole system.

A direct calculation shows that the fast detailed balance condition (FDB), can be rewritten in
the following equivalent ways, which will be useful later. It is also convenient to define the subset
of positive fast equilibria by

. I
gfast,-i— = gfast N IR_|_-

Lemma 2.3. Suppose (FDB) holds. Then

+.r
*y[,

(1) Vr € Rea: Vi) =k [ =k [Lix)d =Wy ) and log (k/k;) = v -
logx}.
(2) Vr € Reast, Yx € RY 1y, - log(x/x¥) = log(¥y (x)/ W) (x)).

In particular, we have the following equivalent characterization of the set of fast equilibria:
X €&t © Vr€Rps:yr-loglx/x)=0 & DHx|x!) el (2.9)
where H(x|x}) is the relative entropy, i.e., H(x|y) := ZiI=1 xilog(x;/yi) — xi + yi.

Moreover, we impose the following non-trivial structural assumption on the set of fast equilib-
ria &g The same assumption has been stated in [21] for the I'-convergence result for fast-slow
detailed balance chemical reaction systems. Under Assumption 2.2, it adapts to our situation as
well.

Assumption 2.4 (Unique fast equilibrium condition). For all g € Q = {Qgsx|x € C} there is
exactly one equilibrium of x” = Ry, (x) in the invariant subset {x € C|Qggx = q}, i.€.

VaeQ: d({x € ClQfastx =} N Epast) = 1. (UFE)
By R:Q — C we denote the mapping, s.t. {R(q)} = {x € C| Qastx = q} N Efagt-

The map R will be called reconstruction map because it resolves the fast equilibria Eg,g, where
the slow evolution takes place, in terms of the fast conserved quantities of the evolution.
In addition (as in [21]), we impose the following positivity assumption on R:

dqeQ:Vh€]0,1],VqeQ,VieZ: R(q+6q); >0and R(qg+0q); > R(q);. (2.10)

We note that the positivity assumption is only needed in one technical step, namely for the
construction of the recovery sequence for trajectories “touching” the boundary dC. (Note, con-
sidering the setting for the Hamilton-Jacobi equation in Section 5, where the underlying domain
2 has a positive distance to the boundary, this assumption is not needed.) We also expect that
with a more careful analysis in Proposition 4.6 the positivity assumption can be discarded.

The (UFE) stressed the difference between the typical path and the fluctuations. The typical
path starting from a positive concentration vector converges in time to the minimizer of the
relative entropy H(-|x}) in the invariant set {x € C| Qs x = q}. Other possible equilibria are on

9
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the (repelling) boundary dC, which the (UFE) excludes. The (UFE) really means that im(R) =
Erast- The necessity of the (UFE) for our result comes from the fact that general fluctuations do
not satisfy the maximum principle. Note that the (UFE) fails for autocatalytic reactions. The loss
of compactness in that situation is discussed in [21, Rem. 3.10].

The reconstruction map R has been already introduced and analyzed in [21]. Here, we only
summarize the important properties and refer to [21] for more details and the proofs.

Proposition 2.5 ([21]). Let (FDB) and (UFE) be satisfied. Then:

(1) The function R: Q — C is continuous, and R : intQ — intC is analytic.

(2) We have QfastR(q) = q and im(R) = Erag-

(3) For all q € intQ we have QgsDR(Q) = Iy
: T 1L
lm(Qfast) = lﬂfasl'

(4) For all x € Epagt v the tangent space of the manifold of equilibria is given by TyEfgt =
H(x)™'T,,, where H(x) := D*H(x|x}) = diag(1/x1, ..., 1/x)).

(5) Define the projection P (x) by imP (x) = [fagt, kerP (x) = H™! (x)l"#;st. Then, we have the
identity (I — P(R(q))) = DR(Q) Qfast and, clearly, the operator P (x) is uniformly bounded

on compact subsets of K C Ri.

and QéstDR(q)T is a projection on

fast”?

Using the reconstruction map R : Q — C, we can now equivalently describe the effective
evolution in Theorem 2.1.

Proposition 2.6. Let x(0) € Egast . Then the effective dynamics (2.8) from Theorem 2.1 can be
equivalently described in two additional ways:

(1) Projected dynamics: x = (I — P (x)) Rsjow (X).
(2) Coarse-grained dynamics: §(t) = Qfast Rsiow (R(Q(1))).

2.4. Fast-slow HJE for non-typical paths resulted from the large deviation principle

In order to study the large fluctuations in the chemical reaction process (2.3) that deviate from
the typical path described by RRE, the WKB expansion in the chemical master equation (Kol-
mogorov forward equation) is a commonly used method, cf. [16,10,13,24]. The time marginal
law of X"(¢), denoted as pj,(x;, t), for x; in a discrete domain, satisfies forward equation [2,12]

d 1 N _
g P =4 D (Wi = v pr i = vk, 0) = B (x5 pa(xi, 1)

rer @2.11)

1
+- D (W (i 4 yeh) prxi + yeh, 1) = W () pa(xi. 1)) -
reR

up (x;)

The exponential tilt for the probability density p;(x;) =e~~# provides a Hamiltonian view-
point for studying the non-typical paths of the fast-slow dynamics, which happens with exponen-
tially small probability compared with the typical path described RRE, cf. [10,13,11]. Using the
exponential tilt, u; satisfies a discrete HJE (nonlinear ODE)

10
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up (xj,t)—up (xj —yrh,t)
dun(xi )+ Y [WFei —yehye
reR

— W (x0)]

up (x;,1)—up (x;+yrh,t)
h

+ Y [ @i+ vehe —¥r ()] =0.

reR

Formally, as h — 0, Taylor’s expansion of uj, with respect to & leads to the following HIE

du(x. )+ Y (qu(x) (eV"V“("”) - 1) U (1) (e—Vr'V”W) - 1)) —0. 2.12)
reR

The rigorous proof of the large deviation principle using the convergence of discrete nonlinear
semigroup to the continuous one can be done through the WKB expansion in the backward
equation for process X" and the convergence of the resulted monotone scheme for the first order
continuous HJE, which we refer to [12].

In this paper we start from the continuous HJE (2.12) with fast-slow multiscale intensity
functions: \Ilri with r € Rgow and \I!ffg = é\Il,i with 7 € Rpag. Then the Hamiltonian in (2.12)
becomes H, in (1.1). To study the limiting behaviors and the variational representation, we con-
sider chemical reactions restricted in a bounded domain €2, which satisfies Q C ]R{i. Then the
associated HJE on a bounded domain with state-constraint boundary condition becomes (HJE,).
The initial condition u®(x, 0) = ug(x) will be specified later. The definition of viscosity solution
to (HJE;) will be given in Definition 5.2.

3. Fast-slow, effective, and coarse-grained Hamiltonian and Lagrangian

Before we study the limit of (HJE,), we first recall the functionals, i.e. the Hamiltonian and
the Lagrangian from the introduction, see (1.1). In particular, we state explicitly the fast-slow
Hamiltonian H, and Lagrangian L, for the fast-slow chemical reaction system, followed by the
effective Hamiltonian Heg and Lagrangian L.gr, which will be a part of the I'-convergence result
in Section 4. Finally, we define coarse-grained functionals H and L, which will be the expression
of the effective functionals in coarse-grained variables. Note that throughout the section the func-
tionals are defined on subsets of the Euclidean space and the canonical inner product is denoted

byx-p=);xipi.
3.1. Fast-slow action Hamiltonian and Lagrangian
Throughout this section, ¢ > 0 is fixed. Recall from (1.1) the fast-slow Hamiltonian H, :
R/ x R’ — R. By Legendre transform (see Lemma 3.1 below), the fast-slow Lagrangian is
given by
Le(ev)= inf 3 SUAL (), W, (), (3.1
reR
where we have used the Wegscheider matrix G € R®*! from (2.2). Note that we have (G” J), =
> ¥ridr.and (G p), =y, - p. The equation
v=GTJ

11
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connects the change of rate v with fluxes J by a gradient-type operator G, and, in the following,
will be called continuity equation. Above, we define for «, 8 > 0 the function
2

J 1
S(Jle, B) 3=\/07ﬁ'c(\/7—ﬂ> —Jilog(a/ﬁ)—i- (\/——\/E)

as the Legendre transform of the function (o, 8, p) — S;’ﬂ(p) =aE? -1+ (e_/’ — 1) with
respect to the variable p € R. Here C is the Legendre transform of the cosh-function C*(p) =
2(cosh(p) — 1). In Proposition 3.2, properties of the functions S and S$* will be summarized.
Before that, we first show that indeed the Hamiltonian H, and the Lagrangian L, are dual to
each other.

Lemma 3.1. For all x € C, v € R!, we have H.(x,)*(v) = sup,, (p-v—H:(x, p))=Lg(x,v).

Note, that in particular, we have L.(x,v) = +oo if v ¢ I'. Recalling the definition of the
matrix Q of conserved quantities from Section 2.1, this means that for a trajectory ¢ > x(¢) with
bounded L. (x(t), x(t)) we necessarily have that Qx = 0.

Proof. For simplicity, we neglect the explicit e-dependence in the reaction intensities \I/fg. We
compute the Legendre transform of L, from (3.1) and obtain

Li(x,p)=

=supjv-p— inf S W (x), W (x
vp{ P UZG”;H ) ())}

= sup iv~p—ZS(Jr|\Dr+(X),\I’r(x))}

v,Jov=GTJ reR

= sup {GTJ =Y S (), \If:(x»} = sup {J Gp— Y S (), Uy (1))
J J

reR reR

= sup {Z B @)y = ) SUAWF (0, ¥y (x))}

reR

= Serurw ¥ P =He@.p). O
reR

In the later sections we need some properties of the function S, which will be summarized
and proved in the following proposition.

Proposition 3.2. Let [0, co[x[0, oo[xR > («, 8, p) — S;,ﬁ(p) =aE -1+ (efp — 1),

and define its Legendre transform by S(J|a, B) = sup g (p -J = S;’ﬂ(p)). The function S
has the following properties:

(1) Foralla,B >0, J €R, we have S(J|a, B) > 0and S(J |, B) = S(—J|B, ).

12
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(2) Fora, B >0, we have the following equivalent characterizations

J 1 2
SWle, ) =/ap -C (E) — J 3 log(/p) + (Va = VB)

= J_ing Hu|a) + H(w|B),

where C is the Legendre transform of the cosh-function C*(p) = 2(cosh(p) — 1) and H is
the relative entropy. In particular, we have

1 2
Sl ) = —J 3 log(@/B) + (Vo = VB) .
(3) For M > 0 satisfying a, 8 < M, we have that S(J |, 8) > MC (J/M) —2M.

Proof. The first two claims follow directly from the definition by the Legendre transform. For
the third claim, we observe that

Sag(p)=a@’ =1 +pe " —1)<M(e’ +e ?) <2Mcosh(p) = M(C*(p) +2).

Hence,
SUla. By =sup|p-J = 55 5(p)]
p

J
>sup{p-J —MC*(p)+2)} > Msup{p~ i —C*(p)} —-2M
p p
=MC(J/M)—-2M. O
3.2. Effective Lagrangian and Hamiltonian

As we will see from the I"-convergence result (Theorem 4.2), the effective Lagrangian Ly is
restricted to the slow reactions and takes into account the set of fast equilibria Egg. It is defined
as

Lesr(r,v) i=inf {3 SUAW 0. 97 () Qrsv =Gl J (3.2)

r€Rslow

for x € &g, where we have used the fast Wegscheider matrix Gy = ((}QfTast from (2.7); and
Legr(x, v) := 400 if x ¢ Epg. Later we will restrict the domain of definition to x € &gy, see
Section 4. Note that Lg contains the slow part of the e-dependent Lagrangian without its fast-
part. However the continuity equation is now contracted through the fast-conservation matrix

Qfast~

The explicit expression of effective Hamiltonian Heg is computed in the next lemma.

13
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Lemma 3.3. For x € Eggt, we have Lege(x, -)*(p) =: Hegt(x, p),

Het (0, D)= ) Sty a0y P) + e (), (3.3)

r€Rslow

where the characteristic function of convex analysis p — xa(p) is defined as 0, if p € A and +00
otherwise. In particular, we have that Hegs(x, p) = o0 if p ¢ FfLast = rangngst. Moreover, for

all x € Epgy and p € Fflast the Legendre transform Hegs(x, p) is attained by taking the supremum
over v € Ty Epgt = Ker(P(x)), i.e.

Hefi(x, p) = sup {p-v— Legr(x, v)},

vETy Epast

where the projection is defined by Ker(P(x)) = T\ &g, range(P(x)) = gt (see Proposi-
tion 2.5).

Proof. Let us fix x € Exg. We compute the Legendre transform of L.gr and show that it is given
by Hegr. For this we observe first that

Lig(x, p) =sup{v- p — Leg(x, v)} = sup vep— Y ST, ¥y (1)
v v,J: Qastv=01ast GT J r€Rslow

> sup v-p=xrL (p).
V: Qastv=0 fast

For p = QfTastp, a direct calculation shows that

(LenCx, ) (p= Ofp) =sup {v- O p—  inf D SUAW (0, ¥ ()
v J3QfaslU=QfaslGTJ reRsiow
= sup Orstv-P— Y SUAWF(x), W) (x))
V: Qrasiv=0rpast GT J r€Rglow

The right-hand side depends on v only via Qg,gv. However, using the projection P(x), we
decompose v = (I — P(x))v 4+ P(x)v, where (I — P(x))v € TyErg and observe Qv =
Ofast(I — P(x))v. Hence, it suffices to compute the supremum only for v € Ty Epg. Comput-
ing further we get

(Lefr(x, )" (p = QL)

=sup{ QG T -p— > ST (). ¥, (x))

J
7€ Rslow

=sup i D JrCp)y+ D S (Cph— D SUANE0). V()

r€Rslow r€Rtast r€Rslow

14
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= > Sut our oy ¥ P) = Heir(x, p).

r€Rslow

This proves the claim. O
3.3. Coarse-grained Hamiltonian and Lagrangian

As we have seen the effective Lagrangian and Hamiltonian both contain constraints. These
constraints can be resolved by using coarse-grained variables. For this, recall the reconstruction
map R from (UFE).

The effective Lagrangian L is finite if evaluated at x = R(q) € Efyg. Moreover for the con-
straint in the Hamiltonian, we observe that p € F#;st is equivalent to p € range(QfTast), i.e. there
is p € R™fst such that p = QfTastp. Hence, we have

Her(x, p = QfyP) = Her(R@), QLP) = D~ St e vr iy - LhastP) =

7€ Rslow

— * —
= D Sura.u- g sty - P) = H(@. p), (3.4)

r€Rslow

where we call H=H(q, p) as the coarse-grained Hamiltonian on Rt x Rt This Hamilto-
nian corresponds to a RRE with reaction intensities \I!ﬂE o R and stoichiometric vectors Qfast)sr €
R™&st meaning that it contains linear stoichiometric vectors, however mass-action law might be
violated (as already observed in [21]). The induced RRE of that Hamiltonian is then the coarse-
grained evolution equation

q = Qfast Rsiow (R(q(?))),

which we have seen from Proposition 2.1.
For x = R(q) € &rast, the coarse-grained Lagrangian is then defined by the following contrac-
tion:

L@v)= inf La(R(@).v) (3.5)
Vv=0fagtV
= inf 30 SO R@). ¥ (R@)). (3.6)

fast” p €Rglow

Indeed, computing the Legendre transform of the right-hand side, we get

sup{v-p — Qinf Lett(x,v)} = sup  {v-p— Legt(x, v)}
A\

V- ChastV=V V.01 Qg V=V

= sup{ QrastV - P — Lefi(x, v)} = sup{v - Qf P — Lefr(x, v)} = Hegr(a, QfP) = H(a, p),
v v

which shows that the convex and continuous functions H and L are both Legendre duals.
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4. T-convergence result of fast-slow action functional £,

In this section we state and prove the I'-convergence result of fast-slow action functional L.,
which will later be also applied to identify the limit of the HJE. To do so, we consider the full
domain C (which is convex and closed) and we fix a time-interval [0, T'], T > 0. Moreover, we
are interested in trajectories x : [0, T'] — x(¢) with final point x(T') = x € C, fixed throughout the
section. To fix the functional analytic setting, we introduce the function space

AC,([0,T],C) :={xe AC([0,T],C) : x(T) = x}.

The ¢-dependent Lagrangian L. defines the fast-slow action functional by
4.1

Lo(x) = fOT L.(x(1),x(¢))dt, x € AC, ([0, T], C),
e +o00, otherwise.

Later we will rely on the flux representation of the Ll-Velocity x(t) =GTJ = > @y
represented by general measurable fluxes J : [0, T] — R®. We first define our notion of I'-
convergence. Note that we restrict the curves to be bounded in accordance to Section 5, where
we consider a bounded domain Q C R”.

Definition 4.1. We say £, converges to L in the sense of (bounded L!-)Mosco-convergence,

denoted as L, M Legr, if (i) a liminf-estimate holds for all weakly-converging sequences:

¥x* = xin L'([0, T],C),  suplx“llL=qo.rpy <00:  liminfLe(x*) > Leir(x);

e>0

and (ii) there exists a recovery sequence converging in L([0, T, C):

vxeL!([0,71,C), 3x*—xin L' ([0, T], C), sup |x° Lo 7]) < 00 lim £o(x) = Letr(x).

e>0

We remark that the convergence of the recovery sequence can be improved to C([0, T'], C)
(see Proposition 4.6.)

Theorem 4.2 (T-convergence of action functional). Assume that both conditions (FDB) and

(UFE) hold. Then, we have the Mosco-convergence L. ﬂ) Lesf, as defined in Definition 4.1,
where

Lo e { Jy Lex(o, £, x € C0.T1,0), Qrasex € WH([0, 1 R750), x(1) € Eras
+00 otherwise,
4.2)
and the effective Lagrangian L is defined by (3.2). In particular, continuous curves x with finite
action Legr(X) < 00 satisfy x(t) € Epagt for all t € [0, T1.
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Note that although the topology is given by L! ([0, '], C) the functionals £ and L are only
finite on continuous functions such that the point evaluation x(7') = x makes sense. As usual
the I"-convergence is done in the following three steps: first showing the necessary compactness,
then the liminf-estimate, finally constructing the recovery sequence.

Proposition 4.3 (Compactness). Let a sequence (x%),-q, X° € AC, ([0, T], C) satisfying L (x*) <
C and |x¢(t)| < C for some constant C > Q be given. Moreover, assume the (FDB) and the (UFE)
conditions. Then there exists a function x* € L1([0, T, C) with the following properties:

(1) (Qfasx™) € WEL([0, T1, R™st) and x*(t) € Epast for ace. t € [0, T1;

(2) xf = x* inany LP([0, T1,RY), p €[1, oo[;

(3) x*(1) = R(Qgastx* (1)) for a.e. t € [0, T, which implies that x* € Wh1([0, T, R™fst), j.e. x

has an absolutely continuous representative.

Before we prove the proposition, we first need the following elementary estimate.

Lemma 4.4. Let x € C be arbitrary, and let W*(x) = KEx?™ with ytfeNl andy =y~ —y+.
Then for all J € R it holds the pointwise estimate

Jy log(x/x) < S(J|WF, W) +k* {xy" )7 —x" } +k” {xy+(x;<)y —x’ } 4.3)
where the right-hand side is properly defined up to the boundary x € 9C.

Proof. By evaluating the Legendre transform of § at p = log <(x /x¥ )y__y+), we get that

SUIWT, W) = Jlog ((x/x:‘)V‘V*) o AL (CTE 9 LS VR (TR %0 LA V)

Using that Wt (x) =k*x?", U~ (x) =k~ x? and y =y~ — yT, we hence get an inequality of
the form

Ty log(x/x¥) < S(J|WH, W) + ktx?” {xy_y+(x;“)_y - 1} +kx? {xy*—y(x;‘)y — 1}
< St v +k+{x”_(x;k)_y —xV+} +k_{x”+(x;‘)y —xV"}. i

Proof of Proposition 4.3. The proof is performed in several steps. To derive the time regularity,
we use the explicit formula L. (x,v) = inf,_g7r; ) ,cr S(Jr ¥ (x), ¥, (x)). Hence, we may
assume the existence of fluxes J7 : [0, T] — R that are measurable, such that X°(¢) = GTJe(r)
holds weakly in time and we have by the non-negativity of S that

T
VreR: fs(J;f(t)w;;(xf(t)), W, (x5 (1))dr < C. (4.4)
0
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Step 1: Since by assumptions, the sequence x° is uniformly bounded, we have a limit x* €
L°°([0, T], C) such that there exists a subsequence (not relabeled) x* X x*in L*([0,T],C) as
& — 0. Note that a priori the limit x* has no regularity.

Step 2: Compactness of slow fluxes:
Let r € Rgow, and let M := max {\Il,i(x) 17 € Rlow, X < C} < 00. By Proposition 3.2, we have

€= Ji (MC () —2M) dr which implies that {7}  is uniformly bounded in the Orlicz

£>
space LC([O, T1). Because it is a Banach space we also get that

J¢ is uniformly bounded in L€ ([0, T]), (4.5)

and hence we get weak compactness

JE— 7% inLY([0, T]) for all r € Ryow. (4.6)

Step 3: By the continuity equation, we get

OfastX® = Ofast Z Jrgyr = Ofast Z J;fth

reR r€Rslow

because I'fygy = ker Qgase. Hence, we conclude that (QagX8) € LE([0, T, R™east) which implies
by the Arzela-Ascoli theorem uniform convergence on [0, 7] of Qg«x® =: g° to a continuous
curve q* := Qgx*. Here we have used that the terminal point x(T) is fixed. In particular, we
also have strong convergence Qgx® — q* in L1 ([0, T'], R™ast),

Step 4: Next, we show that x*(¢) € &g, for almost all ¢ € [0, T]. For this we exploit the specific
form of S and rely on (FDB). First, we observe that by defining X®(¢) = (x® % ¥¢)(¢), where ¢
is a mollifier in time (i.e. on [0, 7] C R) approximating the identity as & — 0, the same a priori
estimate (4.4) holds true for X®, and thus we may assume that x° is strictly positive for any ¢ > 0
(but of course not uniformly in €). Using (5.1) and Proposition 3.2, we have for all » € Ry a
bound on

T

/ S (x0), Wy, (x¥))dr
0

2

—Jf% log(W,", (x°)/ W}, (x)) + % <\/ Wl (xe) — \/ \IJZE(X8)> dr

Ct~—

T
JE 1 - 2
- / Ly log(x /x7) + <\/th xe) — \/wr,sw)) dr,
0

where we have used the (FDB) and Lemma 2.3 in the last step.
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Summing over all r € Ry,s, we get the uniform bound

T T 2
[ X s a2 2 [ (Vuren - o) o

0 VGRfast reRfast 0

T
=y / SUEIWE (), W, (<)) dt,
rERfasl()

or, equivalently, that

T
é > f<\/w,+(x€)—\/\yr(x6))2dz

rERfasl()
T T
_ 1
<Y /S(Jfl\ll;‘:s(xe),\IJ,’E(XS))dt—5/ > Iy log(xf x})dt.
reRfﬂSlO 0 7€ R past

We are now deriving an e-uniform bound for the right-hand side. Indeed, the bound on the first
term follows from the a priori bound on the action functional (4.4). For the second term, we use
the continuity equation, and get

T T
—/ Z ISy -log(x‘g/xs*)dtz—/ X% — Z Jiyr | - log(x®/x})dt
0 "€Rfast 0 r€Rslow
T T
:—/)’(8 ~10g(x€/x:)dt+/ Z JE v -log(x® /x))dt,
0 0 "€Rsiow

which we both estimate as follows. We have

T

T
f £ - log(x® /x})dr = f %H(xwx:)dt = M (T)laf) — HE O ),
0 0

which is uniformly bounded in ¢ — 0 (also up to the boundary of C). Moreover, exploiting
Lemma 4.4, we get the bound

T

D Ty log(xf /xi)dt
0 rERslow

T
= /.S(Jrgw;kv ¥, +kj{(xs)y’ ()77 — (XS)W} +kr_{(xg)y’+(xf)y’ — (x5 }dt,
reRslnw()
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whose right-hand side is again bounded by the a priori estimate (4.4) and the uniform bound
Ix*()] < C. y
Hence, there exists a constant C > 0 such that

T 2
é > /<\/\yr+(xs)—\/\p;(x6)) dr<C.

r€Riast 0
Since the integrand

2

Rt = 3 (Yo v o)

7€ R fast

is non-negative, in the following denoted by f. = Fre(x°(7)), we conclude that the bounded
sequence f; converges (up to relabeling) to zero a.e. in [0, T']. Since Fy,g is continuous, we con-
clude that Fp,g(x*) = 0 a.e., which means that x*(¢) € &g ae. int € [0, T].

Step 5: To get full compactness and the desired continuity for x*, we now exploit (UFE) and
the reconstruction map R. From Proposition 2.5, we know that the set of fast equilibria is char-
acterized by the map R: Q — &g Hence by continuity of R, we get that x*(¢) = R(q*(¢)) =
R(Qtastx™(2)) for a.e. t € [0, T]. In particular, by Step 3, this also proves continuity of the limit
trajectory x*, and moreover, also strong convergence x° — x* in any L” ([0, T'], RY), p e [l, o0
by dominated convergence. O

Proposition 4.5 (Liminf estimate). Let (x°).~0 be any sequence such that x°® — x* in
LY([0,T],C) and Sup,- o IXe () llLeqo,77) < C for some C > 0. Then, we have the estimate
liminfy 0 Le(x*) > Lege(Xx™).

Proof. W.1.o.g. we may assume that the sequence (X¢).¢ satisfies L. (x?) < C, since otherwise
the claim is trivial. By the compactness result Proposition 4.3, we conclude that the limit satisfies
x* € Epgt for ae. t € [0, T]. Moreover, there are fluxes Jé = (Jf )r <R Such that the continuity

equation x* = G” J¢ is satisfied, and we have

T T
_ R
ﬁg(x€)+82/ Z SIF W, wr )dt+/ Z S(JﬂTr’Tr)dt
0 7€ Rslow 0 r€Rfast
T
zf >SS W )dr.
0 r€Rslow

Recall by (4.6), that for the slow fluxes we have weak convergence of JZ — J in L0, 7).
Moreover, lI/fE are bounded and continuous, and we have strong convergence x® — x* in
L?([0, T], C). Also note that the function (J, x) — S(J|WT(x), ¥~ (x)) is lower semicontin-
uous as a Legendre transform. Hence, we get the liminf estimate by Ioffe’s theorem (see e.g. [9,
Th. 7.5]), i.e.
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T
limi ¢ Wt wdr.
1ggf£g(x)z/ D SIS, w)d
0 7€ Rslow

Applying the coarse-graining map QOf,g to the continuity equation and taking the limit in the
continuity equation, we get that

OrasiX™ = QrtG T = Y~ JF Qrastvr- (4.7)

r€Rslow

Hence, we can contract over all these fluxes and obtain the desired liminf-estimate involving
Legr. O

Next, we prove the limsup-inequality for the I'-convergence result. To handle also paths that
might reach the boundary dC, we use the positivity assumption (2.10). Note that the theory for
HIJE in Section 5 assumes that the underlying domain €2 has a positive distance to the boundary,
so the assumption (2.10) is indeed not necessary for our main theorem.

Proposition 4.6 (Construction of recovery sequence). Let x* € L'([0, T, C) with x*(t) < C for
a.e. t € [0, T]. Let assumption (2.10) holds. Then, there exists a family (x%) .. such that x® — x*
in C([0, T1, C) (and hence also in L' ([0, T1, C)) and limg_, ¢ Le (xE) = Logr(x*).

Proof. The proof is done in several steps.

Step 0: First, we may assume that Leg(x*) < 00, because if Lefr(x*) = oo we take the constant
sequence x° = x* and the liminf provides that also £.(x®) — oco. Hence, we may assume that
x* € AC,([0, T],C), q:= Qasx* € WE1([0, T], R™st) and that x*(1) € Epag for all £ € [0, T].
In particular, we have that x* is bounded. Moreover, the bound on the action functional provides
the existence of general fluxes J, € L!([0, T']) such that the coarse-grained continuity equation
of the form g = ZreRs]ow Jr OtastVr (see (4.7)) is satisfied.

The aim is to construct a continuity equation for the whole system X°* =) . J,y,, i.e. to find
fluxes J = (J;), and show that this sequence provides L.(x°) — Ler(x*). We do this in two
steps: First, we handle the problems arising through the boundary of C by shifting the concen-
trations; secondly, we show that for positive concentrations the constant sequence provides a
recovery sequence.

Step 1: We first show that for a suitable shift x8 > 0 with x¥ — x* we have for all slow reactions
r € Rglow the limsup-inequality

T T

lim sup / ST (1), W (x°(1)))de < f SUTWF (x (1), W (x(1))dt.
§—0
0 0

In order to do so, we have to ensure, that x° € Epg and that the continuity equation q =
>, Ruow Jr Orastyr 1 satisfied. For this, we use the positivity assumption (2.10). Hence, there ex-
ists g such that R(q+ 8q); > 0 and that R(q+ 83); > R(q); on [0, T']. We define x® := R(q + 89)
and we have that x* — x* monotonously. Note that the fluxes are not changed, because the
derivative of g is independent of the shift.
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From the monotone convergence x’ — x* the desired convergence follows by a standard du-

alization argument regardless the degeneracy of S at the boundary dC. Indeed, introducing
g% = Ut (x?%), h® = W, (x%), which also converges monotonously to g and & on [0, T], respec-
tively, we want to show

T T

¢ =g —>hSU"g el (0, T]) = 1imsup/S(J|g5,h3)dt 5/S(J|g,h)dt.
§—0
0

For this, we use the rewriting S(J|g, h) = infj—=,—, H(u|g) + H(w|h) from Lemma 3.2. In
particular, we may assume that for all n € N we have functions ", w" with J = u" — w" such
that

T

T
/S(J|g, h)dt > /H(u"|g) + Hw" |[h)dr — % 4.8)
0 0

Observe that for fixed n € N, we have by monotone convergence that fOT”H(u”| ghHdr —
fOT H(u"|g)dr (and similarly also for fOT H(w"|h?)dr). Adding these two limits and using (4.8),
we obtain

T T

T
ny,0 nyd 1 § 1,6 1
S(J1g, Mdt = | Hu"[g”) + H(w"|h®) +0(8) — - > | S(JIg% h°) +0(8) — o
0 0 0

This finishes the proof of the claim because § > 0 and n € N are arbitrary.

Step 2: By Step 1, we may assume that x* is strictly positive. We define the constant sequence
xf = R(q) = R(Qfasx™). Then, we have

d .
X =DPR@a= ) J (DR Qs ¥r-

7€ Rslow
By the definition of the projection IP in Proposition 2.5, this can be rewritten as
= ) S U-PEONY= Y vt Y SPEO.
r€Rslow r€Rslow r€Rslow

For the last term, we use that range(IP) = I'f,i. Hence, there are (time-dependent) coefficients

(Jy = Jr(1))reRy,, Such that ZrERslow P&y, = ZVERfasl J-(@®)y,. The map J, — J, is lin-
ear and uniformly bounded by Proposition 2.5. Hence, defining the slow fluxes J, := J, for
r € Rgow, We have the exact continuity equation involving all reaction r

xf = Z Jryr.

r€Rs1owUR fast

By the compactness argument for slow fluxes in (4.5), we may assume that the slow fluxes J;,
r € Rgow are in LC([O, T1]). Since the fast fluxes J,, r € Ry are linearly dependent of J, and

22



Y. Gao and A. Stephan Journal of Differential Equations 449 (2025) 113721

obtained by a bounded map, they are also in LC([O, T]).
Step 3: With the above construction, the e-dependent Lagrangian is given by

L.(x,v)= inf S W (x), W S wt(x), Lws ,
(x.v)= inf D SUAYT), Y @)+ Y SUATYT (), ) (x)

r€Rslow r€Rfast

and it suffices to show that for all fast reactions r € R, We have

T T
/S(J -t (x), \1/ ()di = /\I”(X )C(\DE(J;*)

0 0

)ydt — 0

Here we have used that on the slow manifold we have W} = W~ =: W,. Indeed, to see this
convergence holds true, we use the estimate

1
7 Irfog(rf+1) = C(r) =2|r|log(Ir| + 1).

Denoting W, (x*) = p with 0 < ﬁ < p <M < 0o, we have for small & > 0 that

2o 0y < 2= Oiog (12014 1) =2t wttog (122 +1)
e p p p

=2|Jr(Olog (|1 ()] + 1) =4C(J, (1)),

which is integrable. Moreover, we have that log (|%f“| + 1) < %|Jr (t)|, which is also inte-

grable and converges pointwise to 0 for almost all # € [0, T']. Hence, also |J,(¢)|log (I EJ;# | + 1)

converges pointwisely to zero for almost all ¢ € [0, T'], which implies, by the dominated conver-
gence theorem, that also

£ e W, (x*)

T
/‘lIJr(x ), edr (1) )dt — 0.

0

Hence, we have that the constant sequence satisfies L.(x*) — Legr(x*), which proves the
claim. 0O

Putting the above results together, Theorem 4.2 can now be proved.

Proof of Theorem 4.2. The claim now follows from Proposition 4.5 and Proposition 4.6. O
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5. Convergence of viscosity solutions of e-dependent HJE

In this section, we fix any bounded domain €2, QcC Ri such that the boundary of 2 has a

positive distance to the boundary E)]Rfr and such that (HJE,) holds. Notice for €, we have the
lower estimate

0>0,VxeQ, VreR: W), ¥ (x)> co. 5.1)

Recall the Hamiltonian H, (x, p) from (1.1) on € x R’. Recalling the stoichiometric subspace
F'=span{y, :reR}and T+ ={geR/:Vy eT:¢q-y =0}, itis easy to see for any p € R/,
we have that

Hy(x,p)=H.(x,p+ph), ¥prerl™ (5.2)

In particular H, is degenerate because for p € 't we have H, (x, p) = 3, H. (x, p) = 0. Note that
we have already seen this degeneracy for the corresponding Lagrangian L. because if v # I" then
L (x,v) = +o00. From the above degeneracy of H,, one can expect that the usual assumptions
on Hamiltonian for the wellposedness of Hamilton-Jacobi equation will only be effective for p
evaluated (or measured) in the direction of y;, i.e. for the quantities y; - p, which is shown in the
next lemma.

Lemma 5.1. For any € > 0, we have the uniform coercivity of He on Q C R! and in the directions
of TCR!, ie.,

insfz H.(x, p) > +00  whenever |y, - p| = 400 for some r € R. 5.3)
xXe

Proof. From the definition of H, and (5.1), we have

He(x,p) =Y _ (WF(0)e"? — Wl (x) + Wy (x)e "7 — W (x))
reR

> Y [min{W (x), ¥, ()} (7P + 77 P) — W (x) — W (x)]

r€Rslow

l 3 + - Yr-p —vrP) _ pyt e
- Y minW (0, Wy (@) (€7 47 ) = W () = W ()]

7€ R past

> Y oo (e e P) — W (x) — Wy (x)]

r€Rs1ow

FY T (e ) U () — U @)

r€Rfast

> Y Reoly - pl= W) — ¥ (0]

r€Rslow

£ Y el pl— W) — ¥ ()] oo

r€Rast
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uniformly in x € 2, whenever |y, - p| > +oo forsomer e R. O

Recall the fast-slow HJE problem for the Hamiltonian H, in €2 with state constraints is given
in (HJE,), i.e.,

uf(x,t)+ He(x, Vuf(x)) <0, (x,)eQx(0,T),
uf(x, 1)+ He(x, Vuf(x)) =0, (x,t) e Q2 x(0,7),

u®(x,0) =uy(x), xeQ.

The specific assumptions on initial data ug will be given below in Assumption 5.3. Here we also
recall the definition of viscosity solutions to (HJE;) [7].

Definition 5.2. Given any ¢ > 0, a function u® is a viscosity solution to (HJE,) if it is both a
viscosity subsolution and supersolution in the following sense: u° is a viscosity subsolution of

O;uf + Ho(x, Vu®(x,1)) <0

on Q x (0, T), if for every ¢ € CH(Q x (0,T)) and every (xop, fo) € 2 x (0, T') such that u — ¢
has a maximum at (xg, fp), we have

019 (xo, o) + He (x0, Vo (x0,10)) < 0;
u® is a viscosity supersolution of
du® + He(x, Vu(x,1)) =0

on Q x (0, T), if for every ¢ € C'(Q x (0, T)) and every (xo, fo) € Q x (0, T) such that u — ¢
has a minimum at (xg, 7o), we have

09 (x0, to) + Hg(x0, V@ (x0, 7)) > 0.

For fixed ¢ > 0, the variational representation for the state-constraint viscosity solution to
(HJE,) follows by [20] and is given by

t
ub(x, 1) = inf (uf)(x(O)) + / L. (xg, Xy) ds). (5.4)
xeAC([0,t];2), x(t)=x 0
We remark that although our Hamiltonian H, is degenerate and indeed coercive in I' (see
Lemma 5.1), this representation still holds. However, the existence and representation results
are not uniform in ¢. We also note that for fixed ¢ > 0, we have H, € BUC(2 x Bg) for any
R > 0. Here BUC(2 x Bg) means bounded and uniformly continuous functions on € x Bg.
However, the fast-slow Hamiltonian H, is not uniformly bounded when ¢ — 0.
We introduce a smaller function space

M:={ueBUCRQ): VueTt }={uecBUCQ): y,-Vu=0,Vr € Res}  (5.5)
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and we propose the following conditions for the initial data:

Assumption 5.3 (Well prepared initial data). The family of initial data (u()¢~0 of (HJE.) satis-
fies the following conditions

(i) Ve >0, ug(-) eI,
(i1) there exists C >0 suc_h that [|ug |l @ = C unifoimly ine>0;
(iii) there exists ug € C () such that ug — upin C(82).

With the above assumption, we can derive e-uniform Lipschitz continuity of the solution.

Proposition 5.4. Under Assumption 5.3, let u® € BUC(Q x [0, T]) be a viscosity solution to
(HJE;), then we have the uniform Lipschitz estimates for u®, i.e., there exists a constant Cp, > 0
such that

[0:u®(x, )| + |yr - Vul(x,0)| < Cr, forae (x,t)eQx][0,T], Vr eR. (5.6)

Proof. The proof is performed in three steps.

Step 1: Existence of u®:

One can directly verify that u® € BUC(Q x [0, T]) given by (5.4) is a viscosity solution to (HJE;)
for fixed ¢. It indeed can be proved via Perron’s method [20, Theorems 5.2, 5.8].

Step 2: u® is Lipschitz continuous in time for all ¢ € [0, 7] uniformly in &:

Since [|VugllLe < C and y; - Vug =0, Vr € Riast, we conclude that there exists some constant
C* > 0 such that

|He (x, Vug(x))|Le < C*  uniformly in e. (5.7)
Thus one can verify that

Px, 1) = ug— C*t is a classical subsolution;

5.8)
@(x,1):=ug+ C*t is aclassical supersolution.
Then based on the comparison principle [20, Theorem 3.5], we have
@(x, 1) <u(x,t) <@(x,t) uniformly ine. (5.9)

In particular, together with Assumption 5.3 for u{j, we have that u® is bounded uniformly in & > 0
and (x,1) € Q x [0, T]. Then we have

u®(x,t) —ug
= —
t

—C* <C* (5.10)
Taking the supremum for ¢ > 0, we obtain the Lipschitz continuity in time at = 0. Moreover, to
obtain Lipschitz continuity in time at any ¢, we note the Hamiltonian is time homogeneous and
thus any time translation of a solution is still a solution v(x, ) = u®(x, s + t) with initial data
vo = v(x, 0) = u(x, s). From the comparison principle and
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v — llug — vollLee < ugy < vo + llug — vollL=,

we have
v(x, 1) — llug — vollLee < u®(x, 1) < v(x, ) + [lug — vollLe.
This means
u®(x,s +1) — llug — vollLee <u®(x, 1) <u(x,s+1) + [lug — vollL=
and thus

ué(x,t+s)—u(x,t)
s

ut(-,s) —u®(-,0)
s

<

< <C*. (5.11)

LOO

Taking the supremum for s > 0, one concludes the Lipschitz continuity in time at any ¢

[0;uf(x,t)] <C* forae. (x,1) e Qx[0,T]. (5.12)

Step 3: «° is Lipschitz continuous in space uniformly in &: L .
First ﬁ@y x € Q and ¢t € (0, +00). Given any R > 0 such that Bg(x) C 2, for any y €
(x +T') N Br(x), consider the function

8

e, s)=u’(y,s) —M|s —t|—Crly —x| —

where Cr, M > 0 are constants large enough to be chosen later and § > 0 is an arbitrary constant.
Then due to the boundedness of u® and ¢ — —o0 as y — dBg(x), there exists a maximizer
y*e (x+T')N Bg(x) and * € (0, +00) of ¢(y, s), such that

1)
oY )Y =ut (O, ) —MtF —t| - CLy — x| - ————
R2_ |x_y*|2
5 (5.14)
e
>p(y,s) =u"(y,s) — Mls — 1 —CL|y—x|—m

for any y € (x + I') N Br(x) and any s € (0, +00). Since u is Lipschitz in time, for sufficient
large M > 0, one must have t* = . Otherwise, one can take y = y* and s = ¢ in (5.14) to obtain

ut (y* %) = Mt" =t Z u® (y", 0).
This, together with the Lipschitz constant C* in time in (5.12), we further have
ut (V5 1)+ (C* = M)It* —t] > u® (", 1%) — MIt" —t] = u® (y", 1),
which is impossible for M > C*. Hence one must have * =.
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Now we show that y* = x for C, sufficiently large. To show this by the arguments of contra-
diction, we first assume y* # x. From the Lipschitz estimate in time (5.12), and because u® is a
viscosity subsolution and |y — x| is differentiable at any y # x, we know

*— 28(y* —
He(y*, Lo 0N ¢, (5.15)
Iy* = x| (R? —|x — y*[})?
where C is a constant depending only on C*. Then using the same estimate of Lemma 5.1, we
have

C=H.(y* CLo Sk
Iy* = x| (R?—|x — y*|?)?
yi—x 28y, - (x — y*) n _
= 3 Lol gl @ e e w]
r€Rslow
1 yi—x 28y, - (x — y*) " _
+ ; Z [ZCO(CL Yr- |y* _xl ‘ - ‘(RZ _ |x _ y*|2)2 ‘) - \Ilr (x) - \Ijr (x)]
r€Rfast
Since \Ilﬁc is bounded and y* is in the interior of Bg(x), we have
y* - X + _
3 [2c0cL " ‘ W) — W (x)] <¢C. (5.17)
ly* — x|
r€Rpast
Taking C, sufficiently large, this implies
Yr- (" —x)=0, Vre Ry (5.18)

Therefore, plugging (5.18) into the original Hamiltonian (5.15), the summation for the fast reac-
tion vanishes, so (5.15) implies

Yiox 28y (YY) e
3 I:ZCO(CL|yr.|y*_x|| e =) @ vwlsc 619

reRslow
With the same arguments as (5.18), we obtain
Yr- (0 =x)=0, VreRgow- (5.20)

Combining (5.18) and (5.20), notice also y* — x € I', thus we must have y* = x. Therefore, for
such a sufficient large Cy, (5.14) yields

P 1)
£ &
ut(y,s) —u (X,I)SCLly—X|+M|S—t|_ﬁ+m'

(5.21)
Taking § — 0, s =t and then exchanging x, y shows

u®(y,t) —u®(x,t)| < Cr|ly —x|, forae te€[0,T],x,yeQ withx—yel. (522)
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This implies
|y - Vu®(x,t)| < Cp, forae. (x,1)eQx[0,T], Vr e R. (5.23)
Combining (5.12) and (5.23), we finish the proof. 0O

Remark 5.5. We remark that the bound in (5.6) can be refined for the fast reactions. Indeed, from
the g-uniform bound

1 & &€
DDA (¥ = 1) + W (e —1) =,

r€Rpast

we conclude for fast reactions r € Ryas and for x € Mg = Eggt N Q2 (such that we have \IJ;F x)=
W~ (x)) that

0 <2t (x)(cosh(y, - Vu') = 1) < Y 2W] (x)(cosh(y, - Vuf) — 1) < Ce — 0.

r€Rfast

This, together with (5.1), yields that for r € Rag,
¥y - Vu® — 0 uniformly in ¢ € [0, T], x € Ms.

Based on the above Lipschitz estimates for the viscosity solution, which is uniform in &, we
have the following uniqueness theorem. With the Lipschitz estimates, the uniqueness is standard,
however, we still give a brief proof since our Hamiltonian is degenerate on ' and the Lipschitz
estimate is in the sense of (5.6).

Theorem 5.6. Under Assumption 5.3, (HJE,) has a unique Lipschitz viscosity solution u®(x,t),
for which, uniform Lipschitz estimate (5.6) holds.

Proof. The existence is obvious thanks to the variational representation (5.4). Based on Lipschitz
estimates in Proposition 5.4, we can introduce a modified Hamiltonian H, € C(2 x R") such
that

H:(x, p), if |y,-p|<Cpforallr e R;

Ipl, if |y - p| >2Cp for somer e R, (5.24)

ﬁé‘ (-xa p) = {
and Lipschitz continuously connected otherwise. We point out that although the modified Hamil-

tonian is based on the spatial Lipschitz estimates only in the directions of I, it still satisfies the
usual assumptions for Hamiltonian (cf. [4,26]): for any p,q € R/ and x, y € Q:

|He (x, p) — He(y, p)l < Ce(1+ |pDIx — yI,  |He(x, p) — He(x,q)| < Celp —ql.  (5.25)

Indeed, whenever |y, - p| < Cr, Vr € R, we have |ﬁ8(x, p) — ﬁg(y, p)| < C¢lx — y|; and other-
wise |He(x, p) — He(y, p)| < Ce(1 4 |pl)lx — y|. Moreover, if |y, - p| < Cr,Vr € R, we have
|He(x, p)—He(x,q)| < Ce ), |vr-(p—q)| < Celp—ql; and otherwise | He (x, p) — He (x, ¢)| <
Celp —ql.
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Thus for any u® € BUC(S x [0, T])~solves (HJE,) with the Lipschitz estimate (5.6) will also
solve the HJE with H, replaced by H. Then by (5.25), one has the uniqueness of viscosity
solution to (HJE,) with H, replaced by H,, so u® is the unique Lipschitz viscosity solution to
(HJE.). O

Using the ¢-uniform Lipschitz estimate and the ¢-uniform boundedness, we then apply the
Arzeld-Ascoli Theorem in the Banach space C(K x [0, T']) for any compact subset K C €2.

Corollary 5.7. Let u® be the unique Lipschitz viscosity solution obtained in Theorem 5.6. For
any compact subset K C €, there exist i € BUC(Q2 x [0, T)) and a subsequence €y such that u®
converges to i uniformly in C(K x [0, T]) and the uniform Lipschitz estimate (5.6) holds for .

We remark that the limit & for x € Mg = gt N Q is actually proven to be unique via the
Gamma-convergence result and Proposition 6.1. Thus one indeed obtains the uniform conver-
gence on K x [0, T'], for any compact K C Ms.

6. Identification of limiting HJE with semigroup representation

The aim of the section is to identify the limit #* of the sequence of solutions u® from Corol-
lary 5.7 by the I'-convergence result from Section 4. In particular, the following representation
formula provides also a uniqueness result for the limit. The viscosity solutions u® in the rep-
resentation formula (5.4) are given as an infimum and I'-convergence is tailored to provide
convergence of minimizers. In particular, we want to show that u* satisfies the variational repre-
sentation (6.3) and solves the Hamilton-Jacobi equation for the effective Hcg. Finally, combining
Theorem 6.4 and the limit u* of the sequence of solutions #° from Corollary 5.7, we finish the
proof of the Main Theorem in the introduction.

6.1. Consequence of the I'-convergence result

Before we connect u™ with a representation formula, we first recall how I'-convergence pro-

vides the identification of the limit of minimizers of functionals. For that, let F, iN Fo and let x,
be s.t. F:(x;) =inf F; and x, — Xo. Then we have that xg = inf Fy. Indeed, we have by the I'-
liminf, that inf Fy < Fp(Xg) < liminf,_, ¢ F,(Xx.) = liminf,_, ¢ inf F. Moreover, for any x there is
a recovery sequence, X, — x such that Fo(x) =limsup,_, o F¢ (X¢) > limsup,_, o inf F¢. Since, x
is arbitrary, we obtain that inf Fp > limsup,_, o inf F which thus concludes that lim,_, ¢ inf F, =
inf Fy = Fo(Xp).

In our situation, we have on L([0, T, C) that £, M, Legr provided that the final point of
the trajectories is fixed, see 4.2. For fixed uf) € C(Q), T > 0and x € Q, we recast the viscosity
solution u®, represented in (5.4), as

u®(x, T) = inf {u§(xe (0)) 4+ Lo (Xe) : e € AC([0, T], Q). xe(T) = x}.
We define the compact slow-manifold for the Hamilton-Jacobi equation by

Ms = QN Epgt. (6.1)
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Combining the I'-convergence result in Theorem 4.2 and the uniform convergence from
Corollary 5.7, we give a representation formula for the limit #* in the following proposition.

Proposition 6.1. Given any T > 0, assume the initial data ug satisfies Assumption 5.3 and u® is
the viscosity solution to (HJE;). Assume both (FDB) and (UFE) conditions. Let Legr be defined
by (4.2), and let u be the limit of u® in Corollary 5.7. Then for all x € Mg, we have the unique
variational representation

w*(x,T):= 111% u®(x, T) =inf {ug(x(0)) + Lefr(x) : x € AC([0, T1, Q), x(T) = x}
£—>
= inf {ug(x(0)) + Letr(x) : x € AC([0, T, Ms), x(T) = x} .
Moreover, u® converges to u* = it uniformly on K x [0, T] for any compact subset K C M§.

Proof. Let us fix (x,T) € Ms x (0, +00). To simplify notations, we define that X := {x €
AC([0,T], 2), x(T) =x} and

Fe(x) :=up(x(0)) + Le(x),  Fo(x) := up(x(0) + Legr(x).

Let x, € AC([0, T, ) C AC([0, T'], C) such that F,(x,) = inf F,. Then, we have that F,(x,) <

0o. Since, u is uniformly bounded and x.(0) € Q we conclude that L (x¢) < co. By the com-

pactness results in Proposition 4.3, we conclude that there is a limit xo such that x, — X in

C([0, T, Q), and moreover, xg € AC, ([0, T], Ms). We want to show that Fy(xg) = inf Fy.
Indeed, we have

inf Fo < Fo(x0) = ug(x0(0)) + Lefi(x0) < 1in% uy(x(0)) + lim i(r)lfﬁs (Xe)
E—> E—>
(6.2)
<liminf F; (x;) = liminfinf F; = liminfu®,
e—>0 e—0 e—0

where we have used the I'-convergence of £, — Legr, the equicontinuity of uf), and the con-
vergence X, — Xg in C([0, T], 2). Moreover by the construction of the recovery sequence (see
4.6), for any x € X there is sequence X; — X in X (in particular x,(0) — x(0)) such that
Le(Xe) = Letr(x). Hence, we have that

Fo(x) = u(x(0)) + Lefr(x) > lin% u((Xe(0) +limsup Le (X¢)

e—0

> limsup ug(X¢(0)) + Le (Xe) = limsup Fy(X¢) > limsupinf F; = limsup u®.
e—0 e—0 e—0 e—0

Taking the infimum w.r.t. x € X we conclude that inf Fp > limsup,_,  inf F. This together with
(6.2), hence implies that

lim u® = lirr%)iang =inf Fp, and Fp(xg) =inf Fy.

e—0 e—

This means that for x € Mg C Q we have
u*(x,T):= m%f(x, T) = inf Fy = inf {u{(x(0)) 4 Lefr(x) : x € AC([0, T], Ms), x(T) = x}.
E—>
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Moreover, u*(x, t) = #i(x, t) for any interior point x € M¢. Thus the subsequence convergence
for u® obtained in Corollary 5.7 is actually a uniform convergence for all ¢ — 0 since the limit
limgouf(x,T) =u*(x, T) =inf Fy, x € Mg is unique. O

The above characterization provides that the limit u* can be expressed on the compact mani-
fold Mg (possibly with boundary) by the least-action representation

t

= it (GO + [ Ltk ds). (6.3)
0

Remark 6.2. The above identification provides a formula for u* = i on the slow manifold Mg.
A natural question is, how the limit looks like away from Mg, because the variational represen-
tation is not applicable. Corollary 5.7 only shows that # is continuous and Lipschitz, however a
more detailed characterization is open and left for further analysis.

6.2. Viscosity solution of effective HJE with Hegt

Recall the compact slow manifold Mg defined in (6.1). We are going to verify by the dynamic
programming that u™ from (6.3) satisfied the effective state-constraint HJE (1.2) on the manifold
Msg, ie.,

Oru(x,t) + Hefr(x, dyu(x, 1)) <0, (x,1) € Mg x (0, +00),
atu(xa t) + Heff(xa dxu(x’ t)) Z 07 ('xv t) € MS X (0’ +oo)a
u(x,0) =ug(x), x e Ms=Ms,

where Mg denotes the interior of Mg. Here, recall that the differential dyu in differential geom-
etry of a smooth function u(-, t) : Ms — R at the point xo € Mjg is defined by

u(x(r), 1) —ux(0),1)

T

dyu(xg, t)[v] := lim
—0

where x : R — Mg is a smooth curve with x(0) = xq, X(0) = v € Ty Ms. (Note that the dif-
ferential acts only in the first argument x € Mg.) Viscosity solutions of (1.2) on manifolds
Mg x (0, +00) are understood as follows, which we recall from [7,8]:

Definition 6.3. A function u is a viscosity solution to (1.2) if it is both a viscosity subsolution
and supersolution in the following sense: u is a viscosity subsolution of

Oru + Hege(x, dyu) <0

on Mg x (0, 4+00), if for every ¢ € C'(Ms x (0,400)) and every (xo, to) € M x (0, 400)
such that u — ¢ has a maximum at (xo, f), we have

019 (x0, t0) + Hefr(xo, dx ¢ (x0, 10)) < 0;

32



Y. Gao and A. Stephan Journal of Differential Equations 449 (2025) 113721

u is a viscosity supersolution of

Oiu + Hege(x, dyu) >0

on Mg x (0, +00), if for every ¢ € Cl(Ms x (0, +00)) and every (xo, f) € Ms x (0, +00)
such that u — ¢ has a minimum at (xg, fg), we have

01 (x0, t0) + Hegr(xo, dx ¢ (x0, 10))) > 0.

Theorem 6.4. The limiting function u™ represented as (6.3) is a viscosity solution to the effective
HJE (1.2) on the manifold Ms in the sense of Definition 0.3.

Proof. We verify both conditions separately.

Step 1: u* is a subsolution:

Let ¢ € C'(Ms x (0, +00)) such that u — ¢ attains its maximum at (xo, fo) € MG x (0, +00).
Then for any x € AC,, ([0, to]; Ms) with x(#9) = xo, we have

fo )

¢ (x0, 10) < / Lett(xs, %) ds + u(x(r), 1) < / Lett(xs, %) ds + $(x(2), 7).

T T

Rearranging and dividing by fo — t, we have for any v € Ty, Ms,

0]

/ Legr(xy, Xg) ds, (6.4)

T

d)(an tO) - ¢(X(T)v 7:) < 1
th—T7 Ttp—T

v
S=to

v

s=1, = V. Taking T — 79, we have

where x; is any curve on Mg such that x = X0, X

9r¢ (x0, 10) + dx ¢ (x0, 10)[V] — Leit(x0,v) <0, Vv € Ty, M. (6.5)
Taking supremum with respect to v € Ty, Ms and using Lemma 3.3, this proves

09 (x0, t0) + Hegr(xo, drp (x0, 10)) < 0.

Step 2: u™ is a supersolution: L
Let ¢ € C'(Ms x (0, 4+00)) such that u — ¢ attains its minimum at (xo, fg) € Ms x (0, +00).
Then we have

) 0]
6 (x0. 1o) = inf{ f Lett(xs, %) ds + u(x(1), 1)) = inf{ / Lett(xs, &) ds + p(x(2), D)),

where x(-) € ACy, ([0, t0]; Ms). Thus

33



Y. Gao and A. Stephan Journal of Differential Equations 449 (2025) 113721

)

0 < suple (0. f0) — $(x(), 7) — / Lett(xs. %) ds).

T
Hence

to 0]
1
0= —— sup| / (30 + deTis D] ds — / Leti(xs, %) ds).

0—T
T

By the definition of supremum, for any ¢, there exists x such that

fo

/ [0, + Hetr(xy. dx (x)))] ds.

T

1
fo—71

1o
/ [0, -+ dv (x)[ks ] — Lefr(xs, )] ds <
fo—71

Taking t — t9, we have

0 (x0, to) + Hetr(x0, dx ¢ (x0,19)) > 0.
Thus, we conclude u* is a viscosity solution to (1.2). O
6.3. Coarse-grained HIE

We have seen that the limit functionals L. and Hegr can also be expressed in terms of coarse-
grained variables, which in turn define coarse-grained functionals L and H, see (3.5) and (3.4),
respectively. We are going to show that also the limit u* of solutions of (HJE;) as a function
on Mg can be expressed in coarse-grained variables, which then solves the coarse-grained HJE.
Recall the reconstruction map R from (UFE). Using the explicit parametrization of the slow-
manifold Mg, we define a new continuous function

u:Q—R, u(q):=u*R(@Q)).

Proposition 6.5. The function u = u* o R is a viscosity solution of the HJE with the Hamiltonian
H in (3.4) on the (flat) manifold Q in the sense of Definition 5.2.

Proof. We only show how the derivatives of u* translate by the chain-rule. We have d;u(q, 1) =
o;u*(R(q), t). Moreover, we know that Heg(R(q), p) = H(q, p) if erastp = p. Hence, it suffices
to show that drqu* = OF dqu, or, equivalently, drqu*[v] = OF  dqulv] for all v € TrgMs.
Using the projection onto the tangent space 7, Mg and its explicit characterization, we have
v =dyR o Ofg[v] (see Proposition 2.5). Hence, by the chain rule

dr@u*[v] = dr@u* 0 dqR o Qnas[v] =dqu o Qras[v] = drqu* = Qpgdqu. O
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We finally remark that again u has an integral representation. To see this, we define:

t

a1 = inf (uo(Ry(0))) + / L(ys. §s) ds).

yEAC([0,1;:Q), y(1)=q 0

Using the same procedure as in Theorem 6.4, we can prove that U(qg, ) is a viscosity solution of
HIJE with the Hamiltonian H. By uniqueness of viscosity solution, we obtain the representation
formula for u(q, 1) =U(q, t).
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