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Abstract

We prove the convergence of a Wasserstein gradient flow of a free energy in inhomogeneous media. Both the energy
and media can depend on the spatial variable in a fast oscillatory manner. In particular, we show that the gradient-
flow structure is preserved in the limit, which is expressed in terms of an effective energy and Wasserstein metric.
The gradient flow and its limiting behavior are analysed through an energy dissipation inequality. The result is
consistent with asymptotic analysis in the realm of homogenisation. However, we note that the effective metric is
in general different from that obtained from the Gromov—Hausdorff convergence of metric spaces. We apply our
framework to a linear Fokker—Planck equation, but we believe the approach is robust enough to be applicable in a
broader context.

1. Introduction

Optimal transport has appeared in many practical and theoretical applications, cf. [41, 43, 44, 52, 53].
Precisely, given a cost function c(-, -) : R” x R" — R, and two probability measures w, v on R”, the
problem of optimal transport is to find the minimum cost of transporting u to v. It has the following two
classical formulations: first by Monge [39] in terms of optimal transport map and a second formulation
using duality by Kantorovich [33] in terms of optimal coupling measure:

Monge: inf {/ clx, P(x)dux): ®:R"—R", d,u= v} ,
and

Kantorovich: inf {// c(x,y)dy(x,y); / y(x, dy) = u(x), / y(dx,y)= V(y)} .

In the above, y is a probability measure on the product space R" x R". The equivalence of the
above, under appropriate general assumptions, has been established in ref. [42]. Typical examples of
cost functions include the Euclidean distance square, c(x, y) = |x — y|> which is convex and spatially
homogeneous in the sense that c(x, y) = c¢(x — y). In this case, the infimum value of the above two for-
mulations is the square of Wasserstein-2 distance between p and v, denoted as W;(u, v). We refer to
[2, 46, 52, 53] for examples of monographs on the theory of optimal transports.

The main purpose of the current paper is to incorporate spatial inhomogeneity into the above problem,
or more precisely, the cost function ¢. We then consider gradient flows with respect to the Wasserstein
metric induced by ¢ and analyse their limiting behaviour or description when the inhomogeneity con-
verges in appropriate sense. We believe these types of questions appear naturally in many applications
such as urban transportations [8, 11], network science [32], spread of epidemics [7], optics [45], and
many others. Such a consideration indeed has a long history in the realm of homogenisation [10, 48].
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On a technical level, we aim to explore how the ideas of homogenisation can be introduced into optimal
transport problems. Even though in the current paper, we work in a spatially continuous setting, the prob-
lem formulation can be posed in a discrete, graph or network setting, as seen from the above-mentioned
applications. See also the end of this section for some mathematical work on these attempts.

To be specific, we consider cost functions c, (-, -) that depend on the spatial variables in some oscilla-
tory manner. We find that the formulation of Benamou—Brenier [5] is well-suited for this purpose. Not
only does it connect optimal transport to some underlying “dynamical process,” it allows us to incorpo-
rate spatial inhomogeneity “more or less at will”. More precisely, we focus on the case that c,(x, y) is
defined through a least action principle,

1
Cs(xvy)zmin {/ La(itszt)dt’ Z: [09 1]_)Rn’ =X, 1 ZY} ’ (11)
0

where we envision that L, is convex in the first variable v =z, and oscillatory or periodic in the sec-
ond variable z,. Note that this cost function also defines a metric in an inhomogeneous media with
periodic structure. If one further assumes that L is a bilinear form in v, given by a positive definite
matrix B,(x),

L(v,z) = (B.(2)v, v), (1.2)

then c,(x, y) defines a Riemannian metric on R”

1
¢;(x,y) = min {f (B(z)zi, 2y dt,  z:[0,1]1 —R", zy=x, z =y} : (1.3)
0
The above leads to the following e-Wasserstein distance (square) between w, v € P(RY),

W2 (e, v) = inf{// c.(x,y)dy(x,y); /J/(x, dy) = u(x), /V(dx,y)=V(y)}. (1.4)

The description and formulation in this and next sections is applicable for general spatially inhomo-
geneous B, but the focus of this paper is when B, takes the form B,(x) =B —) — see Section 2.4 for
e

precise statements and assumptions.

In order to keep the technicality in this paper manageable, we will only consider probability measures
having densities with respect to the Lebesgue measure. Henceforth, for simplicity, we will use P,(IR")
to denote these measures or their densities. The subscript 2 means these measures have finite second
moments. More precise assumptions will be stated in Section 2.4. Now let (P,(R"), W,) be the Polish
space endowed with the e-Wasserstein metric. The main questions we want to understand are: whether
gradient-flow structures in (P,(R"), W,) are preserved as ¢ — 0 and if so, what the limiting Wasserstein
distance W and gradient flow are. We have given positive results for the case of linear Fokker—Planck
equations in periodic media.

With (1.3), the e-Wasserstein distance W, can be expressed using the following spatially inhomoge-
neous Benamou—Brenier formulation,

W2 po. py) = inf { [ [rwmommmaa. poevi. pl)} (1.5)
0
where
ap:
Vior. p)i= {(0nv): S+ V(o) =0, p(.0=pp. p(D=p}. (1.6)

The work [6] — see its Theorems A and B — in fact shows that the inf of (1.5) (and (1.4)) is achieved by
a unique interpolation between p, and p,, given by a flow map gcbf =v/(P),

o =(®)):p0, 0=<t=1. 1.7
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Note that for the case ¢ = 1, B, =1, (1.5) is the celebrated Benamou—Brenier formula [5] for the standard
(squared) Wasserstein distance

sz(po,pn)zinf{// e = yI* dy (x, y); /)/(x, dy) = po(x) dx, /V(dx,y)zpn(y)dy}- (1.8)

The functional in (1.5) defines an action functional on (P,(R"), W,), which allows one to directly use
least action principles on (P,(R"), W,) to compute the W,-distance. In the seminal paper [40], Otto went
further to regard W, as a Pseudo-Riemannian distance on P,(R") with the Riemannian metric being the
same as the one given by the Benamou-Brenier formula. More precisely, for any s;, s, on the tangent
plane 75 at p € P, the metric tensor on T x Tp is given by

(SI’SZ)TP,TP = /p(x)(le(x), Vo, (x)) dx, wheres;,=—V-(pVg), i=1,2. (1.9)

(See Section 2.2 for an explanation of going from v, in (1.5) to Vg above.) With the above set-up for the
Wasserstein distance, we proceed to consider gradient flows in (P,(R"), W,) of a given energy functional
E.:P,(R") — R,

8,00 = —V"E.(pf). (1.10)

The precise dynamics is uniquely determined by a dissipation functional on the tangent plane charac-
terising the rate of change of the energy from which the Wasserstein gradient V" is derived. In this
paper, we consider energy dissipation expressed by the metric W, (induced by (1.5)). It turns out W, can
be formally interpreted as a Riemannian metric (see (2.11)), which in particular is given by a bilinear
form. Based on the expression of V" (see (2.14)), e-Wasserstein gradient flow (1.10) can be explicitly
written as

€ en—1 8EF &
op; =V -\p;B; ' V—(p;) ] . (1.11)
£ Sp
Note that our formulation allows oscillations in both the energy E, and media B,.

If the total energy is taken as the relative entropy or the Kullback—Leibler divergence between p and
another probability distribution 7, € P,(R"),

p(x)

7. (x)

then the above e-Wasserstein gradient flow (1.11) is the same as a linear Fokker—Planck equation with
oscillatory coefficients. The above energy is often called the free energy of the system and 7, in (1.12)
is a stationary distribution corresponding to an underlying stochastic process.

Our main result is the evolutionary convergence of the e-Wasserstein gradient flow (1.11) as ¢ — 0,
to a limit also characterised as a gradient flow of an effective total energy E with respect to an effective
Wasserstein distance W. The distance W induced by the evolutionary convergence is still a Riemannian
metric on P,(R"). However, we find that it is in general different from the direct Gromov—Hausdorff
limit of W,. Even though our main result is proven for continuous state spaces, the approach we used
for proving the convergence of multi-scale gradient flows can also be applied to discrete state spaces, in
particular, graphs with inhomogeneous structure.

The main approach we use is to first recast the e-Wasserstein gradient flow (1.11) as a generalised
gradient flow in the following form of an energy dissipation inequality (EDI)

E.(p)=KL(p||r.) := / dx, (1.12)

R

p(x) log

! SE,
Eg(pf)+/ [I/fs(pﬁ,afpf)Jrl/ff (Pﬁ,— 5 (pﬁ))} dr < E.(pp)- (1.13)
0

This formulation involves dissipation functionals 1, and ¥* on the tangent and the co-tangent plane of
P,(R"), respectively. Inequality (1.13) is in fact equivalent to the strong form of gradient flow (1.10)
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since the functional v/, and ¥* are convex conjugate of each other; for details, see Section 2.3. Then the
limiting behaviour of the dynamics is obtained by considering the limit of the functionals in (1.13).

The framework using the EDI formulation of gradient flows to obtain the evolutionary I"-convergence
of gradient flows was first established by Sandier and Serfaty [49, 47]. In this setting, the key estimates
are the lower bounds of the free energy and the energy dissipations in terms of the metric velocity and
the metric slope. Many generalisations of the evolutionary convergence for generalised gradient flow
systems are developed by Mielke, Peletier and collaborators; see the concept of energy-dissipation-
principle (EDP) convergence of gradient flows in [4, 34], the concept of generalised tilt/contact EDP
convergence developed in [16, 38], and also the review [36].

Following the above general framework for evolutionary I'-convergence of gradient flows, we pass the
limit in e-EDI (1.13) by proving the lower bounds of all three functionals on the left-hand-side of (1.13):
the energy functional E,, the time integrals of dissipation functionals v, and . The lower bounds of
the latter two, denoted as y and 1, are still functionals in bilinear form and are convex conjugate of
each other and thus determines the limiting Wasserstein gradient flow with an effective Wasserstein
distance W; see the precise definition of these lower bounds in Theorem 4.1. The lower bound for v/

T
I"-convergence technique for an associated Dirichlet energy. On the other hand, the lower bound for v,

is obtained by a relaxation via the Legendre transformation and an upper bound estimate for v*. This
requires one to overcome some regularity issues brought by the oscillations in the energy functional E,
and the solution curve p°. This is achieved via a symmetric reformulation of the Fokker—Planck equation
in terms of the variable f* := p_'

is obtained by using a Fisher information reformulation in terms of . / . [2, 4] and a by now classical

We briefly mention some related references on Wasserstein gradient flow with multi-scale behaviours.
Modelling of Fokker—Planck equation as a gradient flow in Wasserstein space was first noted by Jordan—
Kinderlehrer—Otto [31]. They also show the convergence of a variational backward Euler scheme. There
are many other evolutionary problems that can be formulated using multi-scale Wasserstein gradient
flows; see for instance the porous medium equation [40] and more general aggregation-diffusion equa-
tions reviewed in ref. [14]. In [4], they use the evolutionary convergence of Wasserstein gradient flow
to analyse the mean field equation in a zero noise limit for a reversible drift-diffusion process. There
are also extensions for the zero noise limit from diffusion processes to chemical reactions described
by time-changed Poisson processes on countable states; see [37] for the reversible case using a dis-
crete Wasserstein gradient-flow approach and [24] for the irreversible case using a nonlinear semigroup
approach for Hamilton—Jacobi equations. Homogenisation of action functionals on the space of proba-
bility measures has also been studied in [27]. In addition, convergence of Wasserstein gradient flows has
been applied to related questions, which explore the mean-field limit and large deviation principle of
weakly interacting particles; cf. [19, 9] and some recent developments in refs. [15, 17]. Furthermore, a
similar convergence approach has also been used for generalised gradient flows and optimal transport on
graphs and their diffusive limits. In various discrete settings, we refer to [26] for Gromov—Hausdorff con-
vergence of discrete Wasserstein metrics, [20] for evolutionary I'-convergence of finite volume scheme
for linear Fokker—Planck equation [22, 23], for the homogenisation of Wasserstein distance on peri-
odic graphs, and the recent works [50, 30, 28] for diffusive limits of some generalised gradient flows
on graph.

The remainder of this paper is outlined as follows. In Section 2, we introduce the inhomogeneous
Fokker—Planck and the e-Wasserstein gradient flow in EDI form and describe our assumptions and
main results. In Section 3, we obtain some uniform regularity estimates and convergence results for the
e-Wasserstein gradient flow. In Section 4, we pass the limit in the EDI form of the e-Wasserstein gradient
flow by proving lower bounds for the free energy and two dissipation functionals; see Theorem 4.1. In
Section 5, we study the limiting gradient flow with respect to the induced limiting Wasserstein metric
and compare it with the usual Gromov—Hausdorff convergence of W.,.

https://doi.org/10.1017/50956792525100077 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525100077

European Journal of Applied Mathematics 5

2. e-system: inhomogeneous Fokker—Planck and generalised gradient flow

In this section, we introduce a spatially inhomogeneous Fokker—Planck equation, which, with fixed
¢ >0, can be recast as a generalised gradient flow in e-Wasserstein space in terms of a total energy
given by a relative entropy. This Fokker—Planck equation is motivated by a drift-diffusion process with
inhomogeneous noise and drift that satisfy the fluctuation—dissipation relation. In Section 2.3, we choose
a pair of quadratic dissipation functionals (1., ¥*) which are convex conjugate to each other to recast
the e-Fokker—Planck equation as a generalised gradient flow in an EDI form. Then in Section 2.4, we
state and explain our main results on the convergence of the gradient-flow structure as ¢ — 0 and the
resulting homogenised gradient flow of an effective free energy E with respect to an effective Wasserstein
metric W.

From now on, to avoid boundary effects, we work on periodic domain, denoted as €2 := T".
Given any smooth potential function U, : 2 —> R, consider the following (free) energy functional
on P(2)

E.(0)= / U.(0)p() de + / p(x) log p(x) . @.1)

Let

7.(x) = e YW, (2.2)

SE,
Then (2.1) can be written in the form (1.12). The first variation S of E, is then given by
0

SE, P
g(p)=logp+1+U5=log—+1. (2.3)

&

With a positive definite matrix B,, we consider the following inhomogeneous Fokker—Planck equation

3 e p—1 (SES 3 —1 3 ep—1
9p°=V - p°B: vg(pt) =V (B]'Vof + pB;'VU,). (2.4)

The above equation can be interpreted in two ways. One is to regard it as the Kolmogorov forward
equation of a drift-diffusion process with a multiplicative noise, while another as a gradient flow in a
Wasserstein space (P(£2), W,) with the cost function defined in (1.3). We describe both of these in the
following.

2.1. e -Fokker—Planck equation (2.4) as a Kolmogorov equation

Consider a drift-diffusion process (X;),-o, described by the following stochastic differential equation
dX, =b(X,)dt + o (X,) * dB,, (2.5)
where B, is a one-dimensional Brownian motion, and
b(x) = —B'(x\)VU.(x), and o(x)=/2B'(x). (2.6)

Here the multiplicative noise o (X;) * dB, is in the backward Ito differential sense, which is equivalent
to the forward Ito differential by adding an additional drift term

1
o(X,)* dB, = EV -(co")(X,)dt + o (X,) dB,.
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By Ito’s formula, the generator of the process (X,)o is derived as follows. For any test function ¢ €
C;(R") and initial condition X, = x, we compute

lim 21X~ () rOQEX% / [VoX,) - bX,)
0

i
t—0t t t—

1 1
+ Evzw(&) (00X, + 5V (0o")(X,) - VoX)]ds (27

1
=Vo(x) - b(x) + EV (00 V() =: Lo.
Thus the corresponding Fokker—Planck equation to (2.5) is given by
ap; = L'pf
1
= EV (00"Vp;) = V- (pD)
= V- (B/'WVpi () + V- (o 0B () VU, (), 2.8)
which is exactly (2.4). Note that the . defined in (2.2), which is in the form of a Gibbs measure, is in
fact the unique stationary distribution of (2.8), £*7, = 0.
We remark that in the above drift-diffusion process, we used the Ito backward differential to ensure
that our process (X;),=o with a multiplicative noise is reversible so that one can have a gradient flow struc-
ture for the corresponding Fokker—Planck equation. More precisely, we have that the diffusion process

(X0 (2.5) starting from X, ~ 7, is reversible in the sense that the time reversed process has the same
distribution, i.e.

E(p1(X)@2(Xo)|Xo ~ 7.) = E(01(Xo)p2 (X)) Xo ~ 7.), Yo, 0, € CP(R"), Vi > 0. (2.9)

This condition is equivalent to the symmetry of the generator £ in L*(r,); cf. [25].

2.2. e -Fokker-Planck equation (2.4) as a gradient flow in (P(R), W,)

Following Otto’s formal Riemannian calculus on Wasserstein space [40], we now interpret the Fokker—
Planck equation as a (negative) gradient flow in (PP(2), W,). For this purpose, we need to compute the
Wasserstein gradient VY E, of E, in (P(2), W,).

Given any absolutely continuous curve p, in (P(S2), W,) given by p, := (x,)sp With p,_o = p, where
X: is the flow map induced by a smooth velocity field v,. Then p, satisfies the continuity equation

9,0, +V - (pv,) =0.
With this, we compute the first variation of E,

d‘ E.(f,) /SEEBW dx /5E£( V- (Bv)|_,) dx / vk dx (2.10)
el By = | —=3,5, = -~V - (B = — ) .
df liso Pr o 8p 1Pr],—o o 8p PVi)|,—o R 50 o) P

We will use the above to identify the gradient V" E, of E, with respect to a Riemannian metric (-, -)
on the tangent plane 7» of (P(R2), W,).
Based on (1.5), we have that for any p € P(2) and s,, 5, € Tp at p, the metric is given by

Ip.Tp

(sl,sz)Tp,Tp = / p(x) (B ()Ve,(x), Vo, (x)) dx,  where s;=—V - (pB;'Vg), i=1,2. (2.11)

A word is in place here to explain going from v, in (1.5) to V¢ above. At a fixed ¢ and p,, upon

a
minimising / 0:(B:(x)v,, v;) dx over v, subjectto —V - (p,v,) = (:: %), we have that
Q

/ 0i(B:(x)v,, &) dx=0 for all smooth vector field & satisfying —V - (0,£) =0.
Q
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Hence, B, v, is orthogonal to all divergence free vector field of the form p,£. We then conclude that B, v,
must be the gradient of some (potential) function ¢. Thus, v, can be represented as v, = B;' V.
With the above, we express the first variation of E, using V" E, as follows:

d _ _ o
< ) Ee(pt):<VWsE€,8,p,|t=0) =/p<351w, Vo) dx, 2.12)
tli=0 Tp.Tp o

where
0br|, ==V (0B,'Ve) and V“E.p)=-V-(pB 'V§). (2.13)
Comparing (2.10) with (2.12), we have

SE. e
/< o >de=/p(Bg‘V<p,Vsoo)dx
Q 14 Q

SE,
which is set to hold for any v, = B;‘ V.. Hence, Vg = VS_' Thus, the second part of (2.13) leads to
0

the following identification of V" E(p),
SF,
VYE,(p) = ( ~ ) _v. (pB;IV log ﬁ) . (2.14)
0

&

Hence, the inhomogeneous Fokker—Planck equation (2.4) indeed can be written as a gradient flow of E,
with respect to the e-Wasserstein metric W,, i.e.,

dpt =~V E.(p) =V - (psB;'vmg &) . (2.15)

£

We remark that in general an equation may have many different gradient flow structures with respect
to the same free energy E,, cf. [38]. However, in this paper, we restrict ourselves within the framework
of Wasserstein gradient flows as it fits naturally to the evolution in probability space.

2.3. e -generalised gradient flow in energy-dissipation inequality (EDI) form

As mentioned previously, in order to study the limiting gradient flow structure as the small parameter
¢ — 0 in our e-gradient flow (2.15), we will recast it in an energy-dissipation inequality (EDI) form
(1.13) that is shown to be equivalent to the original e-gradient flow system.

Denote the e-dissipation on the tangent plane 75 as a functional ¥, : P x Tp — R defined by

1
Y. (p,s) = 3 /(Vu, B 'Vu)pdx, with s=—V-(pB,'Vu), (2.16)
Q
and the e-dissipation on the cotangent plane 77, as a functional ¥ : P x T% — R defined by

1
V6= 5 [(ve B Ve dx. @.17)
Q
It is easy to check that

Velp, ) =sup { €. 5)1,., = V(0,6

§ely

=(E", S, — W (0, £ withs=—V - (pB,'VE") (2.18)
1
=5 /(VE*,BQIW*)/) dx
2 Jq
Applying the Fenchel-Young inequality to the convex functionals ¥, and ¥, we have
(&, 5) <Y (0, &)+ Ye(p,s), forall £eT;, and s€T,, (2.19)

with equality holds if and only if & € 9,4.(p, s) and s € 9:¥*(p, §). Here 0,1/.(p, s) and 9:(p, &) refer
to the subdifferentials of v, and ¥ on T, and T, respectively, at a fixed p. We also note the following.
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(1) Forall n € T, we have

d
(0020, 6).m) = lim (. & + 1)

=0
=/<vs,B;IVn>p dxzf—nV-<pB;‘Vs> dx

so that 99" (p, §) = —V - (pB.'V&). Hence, s € 3: ¥ (p, £) means s = —V - (pB_' V&).
(2) Forall o0 € Tp, we have

. d
<3s1ﬁe(p, 5), G> = 113(1) d—rwg(p, s+ 10)

=0

= /(Vu, B 'Vw)p dx:/ —uV - (pB.'Vw) dx

(where s=—V.-(pB'Vu), 0 =—-V. (pBS_]Va))>

=/uodx

so that 9,v.(p, s) = u. Hence, & € 3,.(p, s) means & satisfies s = —V - (0B;' V&).

With the above, we now reformulate (2.15) in the form of an EDI. To this end, we compute,

d <5E‘g SE,

d
ZE()={—=,8,07), —E.(p° —. 9.0 )=0. 2.20
o (07 5 tp,> or — (p,)+< 5 pt> (2.20)

By (2.19), 8,0° = —VWE,(p") =V - (pB;'V%) if and only if

& & * & BE‘” & 8E? &
WS(pr7arpf)+]/fg pr’_ (101) S - ’8101 .

8p ép
Hence, upon integrating (2.20), our gradient flow (2.15) is equivalent to the following:
! , SE, .
E.(p))+ / [%(Pi, 0:07) + ¥, (,05, o (m))] dr < E,(0p). (2.21)
0

We note that the very first step, (2.20) is a crucial chain rule of differentiation. This is justified in our
paper due to the regularity property of our energy functional and the solution. Precise statements will
be given in Section 3. In general (for example, discrete or general metric space) settings, the absolute
continuity of E.(p;) (in time) and the validity of the chain rule (2.20) need to be proved; cf., [29, 28].

Before leaving this section, for convenience, we write down the following explicit expressions.

SE, SE.\ ., (SE.
v (o) = [ (5) v (5} o
0 Q 5p sp

1 Pr po Pr\
= = Vlog —+, B, Vlog — ) pf dx, (2.22)
2 Q T, T,
and
1
v (8, 9.08) = 3 /(Vu, B 'Vu)p: dx, with —V - (p!B.'Vu) =0,p:. (2.23)
Q

2.4. Main results

Briefly stated, our main result is that the gradient-flow structure is preserved in the limit, i.e., (2.15)
converges to a limiting gradient flow. More precisely, the solution p; of (2.15) converges (weakly) to p,
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that solves a gradient flow with respect to a limiting Wasserstein distance W,
dp=—V"E(p)=V - (pB 'ViegZ). (2.24)
g

In the above, the limiting energy is given as

E(p) = KL(p|[7) = / plog £ dr. (2.25)
Q

where the 7 is simply the spatial average of m, with respect to some fast variable — see (2.33) below.
The matrix B is obtained by taking appropriate average of B, over the fast variable weighted by the
solution of a cell problem (A.9) or equivalently, by considering the I"-limit of a variational functional
(Theorem 4.2). The Wasserstein distance W is related to B just as the way W, is related to B, — see
Section 5.1.

Similar to (2.21), (2.16), and (2.17), equation (2.24) is formulated as an EDI, i.e.,

_ ! SE _
E(pz)+/ [w(p” 0. 0:)+ Y~ (pf, —g(pf)ﬂ dr < E(py), (2.26)
0

where ¥* : P x T7, — R is the limiting dissipation functional on the cotangent plane T given by

1 -
vi(p,§) = 5 / (V&,B7'VE) p dx, (2.27)
Q
and ¢ : P x Tp — R is the limiting dissipation functional on the tangent plane 7 given by
1 - -
Y(p,s) = 3 /(Vu, B 'Vu)pdx, with s==V-(pB'Vu). (2.28)
Q

The precise statement of the convergence of (2.21) to (2.26) will be given in Section 4, Theorem 4.1.

Curiously, under the current setting, W is not the Gromov—HausdorfF limit Wgy; of W, which is the
common mode of convergence for metric spaces, cf. [53, 26, 21]. In Section 5.2, We have constructed
examples such that W is strictly bigger than Wgy. We believe that this statement is true for general
heterogeneous media.

Before proceeding further, we introduce the following notations and conventions. As we will often
consider functions that oscillate on a small length scale, 0 < ¢ « 1, it is convenient to introduce the
following fast variable

y=1, (2.29)
&

The domain for y is taken to be the n-dimensional torus T" when the oscillatory functions are
1-periodic in y. The notation A means that it is derived from some averaging of A over the fast variable
y. For time-dependent problems, we often deal with functions defined on both space and time variables
x, t. For ease of notation, given a function f =f(x, t), we often use f; to denote f;( - ), i.e., the slice of f at
a fixed time 7. We will use — and — to denote weak and strong convergence in some function spaces.
Two common spaces used are the space of probability measures P(€2) and L”(2) spaces. The value of
p will depend on contexts. For the convergence of a sequence of functions f, as ¢ — 0, we will use the
same notation even if the convergence only holds upon extraction of subsequence. (The convergence
can be established for the whole sequence if the limiting equation has unique solution which is the case
for our linear Fokker—Planck equation (2.24).)

Next we state the main assumptions for our results. Some of these are made only for simplicity. They
can be relaxed if we choose to use more technical tools.

(i) Recall that the domain 2 is taken to be an n-dimensional torus T". This is not to be confused with
the T” for the fast variable y. We note that the boundedness of the domain can be removed, allowing
one to work in P,(R") if a confinement potential U is incorporated in the dynamics. Other boundary
conditions, such as Dirichlet or no-flux conditions, may also be considered.
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(ii) For B,, we consider
B.w=B(Z), or B =Bw), (230)
e

where B( - ) is 1-periodic. Furthermore, B( - ) is bounded and uniformly positive definite, i.e., there
are C;, C, > 0 such that for all y € T", it holds that
CiI <B(y) <Gl (2.31)

This form of B, can certainly be generalised to allow for dependence on the slow variable: B, (x) =
B(x, %). For simplicity, we assume further that B is smooth in y.

(iii) For m,, we consider the following form of separation of length scales:
(X)) =7 (x, f) . (2.32)
€

X
In the above, 7 is 1-periodic in the fast variable y = —. We further assume that 7 is smooth in both

e
x and y and is bounded away from zero and from above uniformly in & > 0. The following notation
referring to an averaged version of w will be used in this paper:

T(x)= / (x,y)dy. (2.33)
As concrete examples, 7, can be taken as
71(x) = 70(x) + 71, <x, ’f) . or 7)) = o) + e (x, f) . (2.34)
g £ g £

Then 7! and 7" converge as follow:

7l () = T(x) := mo(x) + /

m(x,y) dy, and 7l'(x) — T'(x) := mo(x). (2.35)
T’l

We thus call 77! the oscillatory case while " the uniform case. (We refer to the work [19] for large
deviations for multiscale diffusion with 7!".)

(iv) The initial data p; is bounded away from zero and from above uniformly in & > 0. It is assumed to
be well-prepared in the following sense,
there is a p, such that as ¢ — 0, it holds p; — p, and E,(p;) — E(py), as e—0, (2.36)
where E, and E are given by (2.1) and (2.25). More precise smoothness requirements on p, will be
listed in Lemmas 3.1, 3.3, and Corollaries 3.2 and 3.4.

We have the following remarks about our results.
Remark 2.1.

(1) As ntl" can be treated as a special case of w!, or more generally, of ., we will concentrate on
the proof for .. Our result is also consistent with the statement obtained by using the asymptotic
expansion described in Appendix A. At the end of that section, we also make some remarks about
the revised statement for !

(2) The approach we take resembles the work of Forkert—Maas—Portinale [20] on the convergence of a
finite volume scheme for a Fokker—Planck equation. By and large, the framework of their (numerical)
approximation enjoys stronger regularity, while our current problem concentrates on the oscillation
of the underlying medium.

3. Some a-priori estimates

In order to study the asymptotic behaviour as ¢ — 0, we first establish some a-priori estimates for our
e-gradient flow system (2.4) (or (2.15)). These would then give us the space-time compactness and
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convergence. These variational estimates for linear parabolic equations are standard but we give a brief
proof for completeness.
First, we recast (2.4) as

8,pf=V~(n£B v”f) 3.1)
Denote f; := P Then S satisfies the following backward equation
T,
1
Af = n—v (B = L(f). (3.2)

It is easy to verify that L, is self-adjoint in L*(r,), i.e.,
(Lett, V), = (0, Lev)s,,  Vu,v € L2(,), (3.3)

where (-, -),. denotes the 7 ,-weighted L? inner product, (i, v),, = / u(x)v(x)m,(x) dx.

Q
We recall here the standing assumptions of uniform positive definiteness of B, and uniform positivity
and boundedness of 7, as stated in (2.30) and (2.32) in Section 2.4. We then have the following uniform
estimates for f;°.

Lemma 3.1. Let f; be the initial data for (3.2). We define,

Ay = sup/ (), dx, (3.4)

e>0

By = sup / (VFL B m V) dx. (35
Q

>0

Let 0 < T < oo be given. We have the following statements.

(1) If 0 <my <inffy <M, < oo on Q for some finite positive constants my and M,, then m, <inff’
<M, forall t > 0.

(2) If Ay < 00, then f* € L*((0, T);L*(2)) () L*((0, T);H'(2)) with the following uniform-in-¢ bound:
forall0 <t <T,

1 ! 1
S+ [ [ B g axds= S IE, <Au (6
o Je
(3) If By < oo (which by Poincare inequality implies Ay < 00), then
feL=((0,T); H' () ﬂ H'((0,T); L*(2))

with the following uniform-in-& bound: for all0 <t <T,

lf(Vfg,BE‘me(f)dx+ft/ (a‘ﬁ)zn’gdxds:l/(Vﬁ),B T, Vfo)dx<tﬁ 3.7)
2 Ja 0 Ja 2 2

! B
From (3.2) and / f (aifx‘e)zﬂS dxds < 70, we also have
0 Ja

sup/ / B 7T€Vf€))2dxds < 00. (3.8)

>0
Proof. Note that
df =B :Df* + (V(B '7.), V).
T

&

By the positive definitenss of B,, statement (1) then follows directly from maximum principle.

https://doi.org/10.1017/50956792525100077 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525100077

12 Y. Gao and N.K. Yip

Next, both (3.6) and (3.7) follows from simple energy identity. For the former, we compute

Ezllf‘llm /f@afmdx——/ﬂwjf,B; V[ dr

Integration in time from O to ¢ gives (3.6).
For (3.7), we compute

d1
dtZ,/Wf”B 7. Vf)ydx = f (Vof, B.'m. Vff) dx
— / AV - (B 'm. Vf) dx = — f Of°)'m, dx.
Q Q
Integration in time from O to  again gives the result. Estimate (3.8) follows from definition. O

The above and Fubini’s Theorem immediately leads to the following compactness results.

Corollary 3.2. If By < oo, then there is a subsequence f* and an f € L*(0, T; L*(2)) such that f* — f
in L*(0, T; LA(2)), i.e.,

T
f / I —f|*dxdt— 0. 3.9)
0 Q
Furthermore, we have
/ I —fPdx—0 forae. te[0,T]. (3.10)
Q

For our application, we will also need some regularity estimates for the time derivative of f°. Define
K = 9,f7. Then it satisfies the same equation (3.2), i.e.,

1
0.h; = n—V . (nEBQIVhf) =:L.(h). (3.11)

As a direct application of Lemma 3.1 and Corollary 3.2, we have the following lemma and corollary.

Lemma 3.3. Let hy = 9,f'|,—o be the initial data for (3.11). We define,

>0 >0

C, = sup/ (hS)’m, dx (: sup/ Of5) . dx> , (3.12)
Q Q

D, = sup/(Vh‘”,B;lnthf))dx (: sup/(V(aLf(f),B;ImV(alﬁf)) dx) (3.13)
Q Q

>0 >0

Let 0 < T < 00 be given. We have the following statements.

(1) If Cy < 00, then h* € L*((0, T); L*(2)) () L*((0, T); H'(2)). In particular, for all 0 < t < T, we have

the following identity,
1 112 ' £ —1 & l 112
SRR+ (Vh, B-'m, Vi) dxds = = ||k . (3.14)
2 ¢ 0o Ja o ) 2 ¢
(2) IfDy < 0o, then h* € L*((0, T); H'(2)) () H'((0, T); LA(2)). In particular, for all0 < t < T, we have
the following identity,
1 1
5 /(Vhf B\, V) dx+/ /(a Ky, dxds_E/(th,B;‘nSVhf))dx (3.15)
Q Q

Corollary 3.4. If D, < oo, then there is a subsequence h* and an h € L*(0, T; L*(2) such that h* — h
in L*(0, T; L2(R)), i.e.

T
/ /|hf—h,|2dxdt—>0. (3.16)
0 Q
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Furthermore, we have
f | —h,|> dx — 0, fora.e.t€][0,T]. 3.17)
Q

Recall Assumption (iii) in Section 2.4 for the invariant measure 7,. For the convenience of our
upcoming proof, we collect the necessary convergence results in the following lemma.

Lemma 3.5. Suppose Ay, By, Cy and Dy < 0o. Then (from Lemmas 3.1 and 3.3) we have
fFeL*((0,T); H'(Q)) ﬂ H'((0,7); L)), and 3,f° € L*((0,T); H'(Q)) ﬂ H'((0,7); L*(2)).

(3.18)
Furthermore (from Corollaries 3.2 and 3.4), up to e-subsequence, we have
ff—f, and df —> of inL*(0,T);L*(Q)). (3.19)
Upon defining p, = f,;7w, we have
P : P -
—(=f)— (=) inL(O.1: LX), (3.20)
£\ ; 2 T2
and I p in L*((0, T); L*(R2)), (3.21)
0,p° )
P (=ap)— 2L (=ap) in L0, T (), (3.22)
. T
dp" = dip in L*((0, T); L*()). (3.23)

Instead of strong and weak convergence in L*(0, T; L*(2)), by (3.10) and (3.17), statements (3.19) —
(3.23) also hold with the same respective strong and weak topologies in L*(2) for a.e. t € [0, T].

Remark 3.6. Note that currently our approach does require a high degree of regularity for the initial
data. Its existence and construction would require the characterisation of precise oscillations of the
solution which in principle can be done by considering second and higher order cell problems. However,
we believe this requirement can be much relaxed by means of parabolic regularity. For example, if
Ay < 00, then ff € H'(Q) for some t >0 and if B, < 0o, then 3ff € L*(Q) for some t > 0. This can
be iterated due to the variational structure of equation (3.2). Alternatively, we can opt to utilise some
technical results similar to [31, p.14, steps (a — c¢)] and [20, Proposition 4.4] in which the initial data
even belongs to L'(Q2). For simplicity, in this paper, we do not pursue this route, as we consider it beyond
the scope of homogenisation which is our key motivation.

The final statement in this section gives the time continuity of p; in the standard Wasserstein space
(P(S2), W>) (1.8).

Lemma 3.7. Assume E.(p;) < +00. Forany T >0, let p;,t € [0, T] be a solution to the g-gradient flow
system (2.21). Then there is 0 < C < oo such that

W20, p) < Cli—sl, VO<s<i<T, (3.24)

where W,(-,-) is the standard W,-distance. Consequently, there exist a subsequence p° and p €
C([0, T1; P(2)) such that

sz(pf, o) — 0, uniformlyinte[0,T]. (3.25)

Proof. First, since p;, t € [0, T] satisfies (2.21) and E.(p{j) < 400, we have forany 0 <s <t <T,

/ Yo (p5, 0;p5) dT < +00. (3.26)
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This means for the curve pf, t € [0, T] with 3,0f = —V - (pf B, Vu¢), we have
t
1
/ / E(Vuf_,B;‘Vui)pf dxdr < 4o0. (3.27)
Q

For this curve, the velocity in the continuity equation is given by v = B! Vu¢. From [1, Theorem 17.2],

we have
1 1
Wf(pf,pf)slt—SI/ /IV?Izpﬁdxdf =It—S|/ /IBQ'Vuilzpﬁdxdf
K Q

<|t—s|//Vu B.'Vut)pf dxdr.

This gives the equi-continuity of p; in (P(S2), W>).
Second, for any ¢ fixed, as fg pf dx=1 and € is compact, by [[ABS*21],Theorem 8.8], the weaks
convergence of p; € P to some p, € P implies that

Wa(p;, p) — 0. (3.29)
We then complete the proof by applying the Arzeld—Ascoli Theorem in (P(£2), W,). O

(3.28)

4. Passing limit in EDI formulation of e-gradient flow

In this section, we prove that the EDI formulation (2.21) of e-gradient flow (2.15) converges to the
limiting EDI (2.26). To this end, we need to prove three lower bounds for the functionals (2.1), (2.16),
and (2.17) on the left-hand-side of (2.21). Recall the definitions of E, ¥, " in Section 2.4. The lower
bounds estimates are stated in the following.

Theorem 4.1. Assume the initial data p; satisfies the assumptions of Lemma 3.5. Let further p, be the
limit of pg in (P(2), W,) and p{ be well-prepared in the sense of (2.36). Then

(i) there exists a subsequence p® and p € C([0, T1; L*(2)) such that (3.25) holds;
(ii) for a.e. t €0, T], the lower bound for free energy holds

lim inf E, (o) > E(p.); (4.1)

(iii) for anyt € [0, T], the lower bound for the dissipation on the cotangent plane holds

' SE, f SE
hmlnf/ /M (pr, (,or)) dr z/ Vs <Pr’ ——(/Or)) dr; 4.2)
e—0 0 0 8[)

(iv) for any t € [0, T], the lower bound for the dissipation on the tangent plane holds
t t
imint [ (ot 0,007 = [ W(pr.0.p0)dr. “3)
e 0 0

As mentioned before, our approach relies on the idea of convergence of functionals in a variational
setting. In particular, we make use of the following result which is a special case of by now classical
results of ["-convergence. See for example, [35, Theorems 4.1, 4.4], and also [13, 12, 18] for more
detailed explanations.

Theorem 4.2 (T"-conv). Let 2 be an open bounded domain of R" and A.(-)=A(:, =) be a symmetric
positive definite matrix. Consider the functional

F.(v) =/ <A (x, f) v, VV> dr, veH\(Q)+w (4.4)
Q &
where w € H'(Q) is given. Then F, I'-converges in L*(Q2) to the following functional

Fv) = / (A VY, Vv) dx, veH(Q)+w. (4.5)
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In detail,
(1) for any v, € Hy(2) + w that converges to v € Hy(2) + w in L*(2), it holds that
lim inf 7 (v,) > Fv); (4.6)
(2) for anyv € Hy(2) + w, there exists v, € Hy(S2) + w that converges to v in L*(2), such that
lim 7. (v,) = F0. 4.7)

Furthermore, the effective matrix A can be found by the following variational formula: for any p € R",

(Ax)p, p)=inf { / (A(x,y) (Vv+p), (Vv+p) dy, ve Hl(’JI‘”)} : (4.8)
’]I‘n

As an application, we will apply the above result to the case 2 =T" and

A(x,y)=D(x,y) (=7m(x,»)B~'(y)) (see (A.1).

The resultant formula for A(x) is given by D+ G; see the expressions of D and G in (A.8).
In Appendix A, we derive the same formula using asymptotic analysis.

Proof of (4.1). This statement follows directly from [2, Lemma 9.4.3] which says that the entropy
functional is jointly lower-semicontinuous with respect to the weak convergence of p; and 7. In our
case, it also follows simply from the strong convergence of f; (together with the fact that £ is uniformly
bounded from above and away from zero):

lim/ o7 log & dx:lim/ff(logff)ns dx:/f,(logf,)ﬁ dx:/ pilog 2 dx. 0
=0 Q T, £—0 Q Q Q T
Proof of (4.2) (time independence case). Let t € [0, T] be fixed. We will prove that
lim inf v (o}, — log 22) = y* (., — log ) . (4.9)
e—0 T, T
We re-write the functional ¥* in the following way,

& 1 S
Vilpt~ log ) = 2/<v10g—’3 Viog > “ dx

< / B .V p—§>dx
T,
:2/(VW§,D£VW§)dx,
Q

where

= Jf5, and D,=B'n..

Asff — f, = £ strongly in L7() for any p > 1, we have e — w, := /f; = /Z in L*(Q). Now we can
invoke Theorem 4.2 to deduce that

limian/ (Vwe, D,V ) dx
Q

£—0

> 2/(W,,(E+E)Vw,>dx=2/ <v\/f,, (B+5)vﬁ,> dx

- i 1 . (D+G
=2/<v p:,(D+G)V/'O:>dx=—/<V1g'O ( s )Vlg—>pfdx
o T T 2 Jo T T
1 — i
= /<Vlog ,B Vlog—>p,dx /M (,Or,—logp:),
2 T
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_ NS |
concluding the result (4.9), with the identification B = (DFLG> , from (A.9). O
Proof of (4.3) (time independence case). Here we establish

lim inf (0%, s°) = ¥(p, 5) (4.10)

for any p® — p in L'(2) and s* — s in L*(2) with the property that
p° I4

ff="——f== in L*(Q).
T, T
Using the definition of ¥,, we have
1
Y(o'.5) = sup {/ e a3 [ (V.5 Ve dx} @.11)
ser2@) LJa Q
and likewise,
1 -
¥(p,s)= sup {f Ssdx—E/(VE,BIVé‘de}- (4.12)
Eel2(Q) Q Q
Note that the supremum in both definitions can be attained. In particular, there is a & such that
- 1 ~ - ~ - ~
W (p,$) :f Esdr—3 /(vg, B'VE)pdx where s=—V . <pB"V$) . (4.13)
Q Q
Next we make use of an approximating sequence § £ § in H'(2) (and hence é £ — § in L*(2)) such
that
1 - - 1 . —1_ -
lim - (VSE,BQIVSE)dex:—/(Vg,B 1Vé‘g),odx. 4.14)
e—0 2 Q 2 Q
The above is equivalent to
1 - ~ 1 . — -
111135 (VES,DEV€S>dex=§/<V§,(D+G)V§)fdm (4.15)
E—> Q Q

The construction of £° can essentially be given by Theorem 4.2 if we set A, = D.f*. But in order to
separate the dependence between D, and f*, a different argument is needed. We will provide the details
in Appendix B.

Now by the fact that §€ — é in L*(2), together with the assumption s° — s in L*(£2), we have

/éssgdx—>/§sdx.

- 1 . ]~
w(p,s>=/5sdx—5/<vs,3 VE)p dx

Then (4.15) implies that

zlim{/ éfsfdx—lfwéf,Bgvéf)pfdx}
Q 2 Q

=0 (4.16)
1
< liminf |:sup {/ £s°dx — = /(VE,BZIV@,O" dx}i|
e=>0 £ Q 2 Jg i
<lim ionf v(p,s%),
which completes the proof for (4.16). ]

Proof of (4.2) and (4.3): time dependent case. To extend the time independent case to the time depen-
dent case and finish the proofs of lower bounds (4.2) and (4.3), we will make use of a general I"-lim inf
result as stated in [51, Cor. 4.4]. Specifically, let H be a separable and reflexive Banach space, and g,,
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800 :(0,T) x H—> (— 00, 00] be such that g,(z, -) and g..(¢, -) : H — ( — 00, 00] are convex and for
all u € H and a.e. 1 € (0, T), the following holds:

gty 1) < inf {hm inf g(t, 1) -ty — u_in H} : 4.17)

Then for p € [1, 00], u,, — u in L*(0, T; H) (weak-x if p = 0o0) and t —> max{0, —g, (¢, u,(¢)} uniformly
integrable, we have,

/ 8oo(t, u(t)) dt <liminf / g.(t, u, (1)) de. (4.18)
0 n 0

Note that the uniform integrability condition is automatically satisfied if g, are non-negative, or bounded
from below. See also the remark after Cor. 4.4 in [51].
For (4.2), we set H = H'(Q),

gt,w):= 2/‘(VW,DSVW> dx, and go (¢t,w):= 2/(VW, (D + G)Vw) dx.
Q Q

Then g¥(¢, -) and g% (¢, -) are convex and (4.17) holds true by the time independent version of (4.2). Hence
we have

/ 2/(VW, (B+6)VW>dxdz5hminf/ 2/(ng(t),Dng5(t))dxdt
0 Q & 0 Q

provided w* — w in L*((0, T);H). This last condition is satisfied by the identification w*(f) = /22,

Tg

w(t) = /22, and (3.20). This concludes the lower bound (4.2).

T

For (4.3), we set H = LX(),
809 = Vo0, = 3 / (Vi BV ot () dx with — V- (B V) =,
and
guolt, 5) 1= vf(p(r),s):% / (Vu,B"'Vu)p(r)dx with —V-(pB Vu)=s.

Again, g,(¢,-) and g..(t, -) are convex because the map s — u° or u is uniquely defined and linear. By
(4.10), (4.17) is satisfied. Hence, we have

T T
/ ¥ (p(), (1)) dr < lim inf / v (0°(0), 5° (1)) dr
0 0

upon the identification s*(f) = 9,pf and s(f) = 9,0,. The fact that s* — s in L*((0, T); H) follows from
(3.23). Lower bound (4.3) is thus proved.
The above conclude the proof for Theorem 4.1. O

5. Comparison between limiting Wasserstein distances

In this section, we use the just established convergence result for gradient flows in EDI form to fur-
ther analyse the induced limiting Wasserstein distance W. In particular, we will show that the limiting
Wasserstein metric W is in general, different, and in fact strictly larger than Wgy obtained from the
Gromov—Hausdorff limit of W, which is a commonly considered mode of convergence of metric spaces.
Gromov-Hausdorft distance can be used to compare the distortion of two metric spaces from being
isometric. The particular property needed in this paper is that the Gromov—Hausdorff convergence
of a compact metric space €2, implies the Gromov—Hausdorff convergence of the Wasserstein space
(P(21), W) [53, Theorem 28.6]. Briefly stated, let (X, dx) and (), dy) be two metric spaces. Their
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Gromov-Hausdorff distance is defined as [53, (27.2)]

DGH(X y) 2 lnf Sup dX(x’ )C/) - dy(y, y/) ) (51)

() y)ER

where R C X' x ) is a correspondence or relation between X and ). We refer to [53, Chapters 27, 28]
for more detailed information about the concept of Gromov—Hausdorff distances and convergence. For
our application, we will take (X, dy) := (2, d,) or (P(R2), W,).

We remark that several of the following statements require the existence of densities (with respect
to Lebesgue measure) for the underlying probability measures and the space to be geodesic complete.
These are automatically satisfied by our standing assumptions (see Section 2.4).

5.1. Effective Wasserstein distance W induced by convergence of gradient flows

For convenience, we recall here the Kantorovich and Benamou—Brenier formulations (1.4) and (1.5) for
our e-Wasserstein metric W, :

W(po. p1) = inf{ f / P05, y) dy (x,): / Y (x, dy) = o) dox, / y(dx,y)=pl<y)dy} (52)
Q Q
and
W2 (00, p1) i= inf{ / / () (B (W), vy () d di, (p,,v,)ev<po,p1>}, (5.3)
0

where V is defined in (1.6). The e-metric d, on  C R" is given via the least action

d2(x,y) = inf{/ (Be(z)z ) dt,  zo=x, 2z =y} . (5.4
0

Acurve z( - ) € AC([0, 1];R") that achieves the infimum in (5.4) is a geodesic in the metric space (R”, d,).
From [6, Theorem A,B], (5.2) and (5.3) are equivalent. .
The same formulations hold for our induced limit Wasserstein distance W. More precisely, we have

W (oo, p1) i= inf{ / f T (x.y) dy (r, y); f y(x, dy) = po(x) d, f y(dx,y>=p.<y)dy}, (5.5)
Q Q

and the equivalent formulation
1
W (0. p1) = inf { | [pw@vemmara, ponevi. m)} . (56)
0

Here the constant matrix B is defined in (A.9) and the induced-metric d on € C R" is again given via
the least action

=2 . b
d (x,y):= mf{/ (Bznz)dt, zo=x, zi =y}. (5.7)
0
From the Euler—Lagrang1an equation for the minimiser of (5.7), the optimal curve Z( - ) that achieves the
least action satisfies BZ, = 0, and hence it has constant speed, Z, =y — x. Thus, we have explicitly
y—x
ly—xl”

Note that both W* and W induce a Riemannian metric on P(Q2). More precisely, for any p € P(R2),
and any s;, s, € Tp, the tangent plane at p, the first fundamental form are defined, respectively, as

d'(x,y)=(B(y—x),y—x) = (B, )|y — x|, where A=

(5.8)

(s1.52)

= / P)(B (Vi (x), Vuo(v) dx, (5.9)

TpTpe
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where s; = —V - (0B;'Vu;), i = 1, 2 for W¢, and
{s1.82), 7 = / pCIB ()i, (x), Vi) dhx, (5.10)

wheres; = —V - (,o§71 Vu,),i= 1,2 for W. This is also manifested by the fact that both the corresponding
dissipation functionals are bilinear forms in s:

1
Y. (p,s)= 3 /(Vu, B;1Vu),o dx with s=-V_. (pB;qu) ,
Q
and

1 _ _
xp(p,s)=§f<vu,3 'Vuypde with s=—V- (,oB 1vu).
Q

5.2. The Gromov—Hausdorff limit Wy of W,

Now we consider the convergence in the Gromov—Hausdorff sense of W, to a limiting Wasserstein
metric, denoted as Wgy.

We first show that even in one dimension, in general it is always the case that Wgy < W unless 7,
and B, are related to each other in some specific way. Recall the metric d, in (5.4). From the Euler—
Lagrangian equation for the minimiser z, =z, we have

d . , .
E(ZBS(ZI)ZI) = Bg(zl)(zl)z’
t
leading to B.(z,)z’ + 2B.(z,)Z, = 0 and thus
B.(2)? = C.(x,y), for some constant C,(x, y).

Upon solving this ODE for z, with the two boundary conditions z(0) = x, z(1) =y, we have

VTRZ§¥=/W¢BJ@dz

Hence the infimum in (5.4) is given by

y 2
@@w=qu:</¢&@@). 5.11)

As B.(x) = B(3), it is easy to verify that for any x, y € €2, there exist some integer N, and § € (— 1, 1),
such that y — x = N.e 4 §¢ and N,¢ — |x — y|. Notice also B( - ) is 1-periodic. Hence,

L 2 1 s 2
d*(x,y) = (a / V/B(s) ds) = (SNS / VB(s)ds + ¢ f VB(s) ds)
% 0 0
g—0|x—y (/ VB(s) ds) =:dg,(x,y).
0

Notice that if one chooses R to be the identity map as the correspondence between the metric spaces
X:= (R,d,) and YV:= (2, dgu), then from (5.1), we have

1
Dgy(X,)) < = sup |d:(x,y) — dgu(x,y)| — 0.

(60),(yy)eXXY

Hence the one dimensional metric space (€2,d.) Gromov-Hausdorff converges to (£2,dgy). By
[53, Theorem 28.6], the Wasserstein distance W, defined in (5.2) also converges to the following limiting
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Wasserstein distance Wgy in the Gromov—Hausdorff sense,

W2, (0s pr) = inf{ / / 2, (x, ) dy (x,): / y(x, dy) = po(x) d, / y(dx,y>=p1<y>dy}
Q Q

(5.12)
Again by [6, Theorem AB], Wgy can be equivalently written in the Benamou—Brenier formulation

W2, (o0s p1) i= inf{ / / P (O(Cr(), v, () de dr, (p,,v»ewpo,pl)} 5.13)
0

| 2
with C = (/ v/ B(s) ds)

0
On the other hand, in one dimension, we can solve the cell problem (A.6) explicitly:

3,(D(x, )3, w(x, y)) = —d, (D(x,y)), where D(x,y)=7(x,y)B() ",

owlx,y) = =1+ D%Ti’) with C(x) = <

—1
dy) .

D(x,y)

Then (A.7) and (A.9) are given as

D(x) = / D(x, y) dy,

— C(x) B 1 -
Gx) = /D(x,y) (—1+D(x’y)> dy——fD(x,y) dy+< D(x.y) dy) ,
_ (D+G\ _ / _ / BO)
B = — =7 =
T D(x, y) m(x, y)
By the Cauchy—Schwarz inequality, we always have
| ([ By )
= (/ v/ B(s) ds) = / V(X y) dy
0 0 7 (x,y)
< < f 7 (x,y) dy) ( B ) B(x),
(X, y)

and the equality holds if and only if there exists some constant ¢ > 0 such that

B
vV, y)=c iy;) ie. w(x,y)=m(y)=cyB(). (5.14)

Hence, unless 7 (y) = c/B(y), we always have

dou(x,y) < d(x, y) forallx,yeQ

i.e. Wou < W. As an afterthought, it seems not quite surprising that some condition, such as (5.14), is
needed in order for W to be equal to Wgy. We will elaborate upon this at the end of this section.
Next, we illustrate the n-dimensional case by means of an example. From [12, Section 3.3], it is
shown that the functional
1
F(2)= / (Bo(z)z 2,y dt,  for z(-)e (H'([0,1]))" with z=x, z =y, (5.15)
0

I"-converges with respect to the strong L*(0, 1)-topology to

]-"(z)=/ eE@®))dt for z(-)eH'(0,1])", with zo=x, =z, =y, (5.16)
0
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where the limiting integrand ¢ is given by
1 T
e():= lim inf {— / (B(u(t) + vO)(@(t) + v), u(t) + v) dt} . (5.17)
T—+oo ueiqorny | T Jo

Now following [12, Example 3.3], we consider B.(z) = b(?) where b is the following 1-periodic
function on [0, 17",

B ifye(0,1);
o if for some i, y; € Z.

b(y)={

If na < B, one obtains that the limiting energy integrand ¢ is given by

o) =a (Z |vi|)

Using the property of I'-convergence [12],Theorem 1.21], we deduce also the convergence of the
minimum value d? of F, to the minimum value d2,, of F, where

2

(5.18)

don(x.y) = v (Z |ﬁi|> =l = Valy—xla withi= 2. (5.19)
i=1

On the other hand, note that the value « is attained only on the (n — 1)-dimensional set U?:l {y; € Z}.
This set is invisible by B which is obtained by solving the elliptic cell problem (A.6). Hence the induced
limiting Wasserstein distance W (5.5) with d defined in (5.7) is d(x, y) = B|x — y| for all x, y € Q. Thus,
for this example, we have

dan(x,y) = /ally —xllo < Vanlly —xlle < /Bly — x| = d(x, y).

Hence we have again Wgy < w.

‘We would like to point out that for the above example, the integrand ¢ in (5.17) is always quadratic, or
homogeneous of degree 2 in p. (In fact, for any A # 0, by applying the change of variables 7 = At, ii(f) =
u(t), it is easy to verify that p(Av) = A%¢(v).) However, the ¢ in (5.18) is not bilinear in p, in contrast to
the ¢ in (5.7):

¢(p) = (Bp, p).
Below we give further remarks about the discrepancy between W and Wgy,.

(1) We first explain the condition (5.14). This is nothing but the fact that one can choose the Riemannian
metric (R, g.) with (g.);(x) = B.(x), so that the Wasserstein distance on (R, g.) coincides with W..
More precisely, the condition (5.14) implies the volume form on (R, g,) is

dV01=~/|g6|dx=\/dezcm(x)dx:cn(g)dx. (5.20)

Therefore, the heat flow on (R, g.), in terms of the density function with respect to the volume
element dVol is given by

1 B 1
Op. = —==V - (V/Ig.1/Vpe) = —V - (x.B'Vp.). (5.21)
; |g8| ' e '

This equation, in terms of the density function p,(x, t) = p.(x, )/|1g.| = p.(x, 7. (x), is exactly the
W,-gradient flow with respect to the relative entropy E, in (2.1):

1o Pe e 0F:
3. =V-(1.B'VE)=V. [ p*B'V—(p") ) . (5.22)
T, 8p

Therefore, condition (5.14) means that the discrepancy between W and Wy does not happen in
one dimension when one considers homogenisation of heat flow on (R, g.). In other words, the
homogenised heat flow in one dimension naturally induces the same limiting distance as finding
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the limiting minimum path on (R, g,). On the other hand, even in one dimension, the convergence
of the discrete transport distance to continuous transport distance W, requires an isotropic mesh
condition [22],eq. (1.3)]. Without this condition, the discrete-to-continuous limiting distance in the
Gromov—Hausdorff sense can be different from the continuous transport distance W, [22], Theorem
1.1, Remarks 1.2 and 1.3].

(2) We believe that the above conclusion of Wg;; < W is true in general, particularly in higher dimen-
sions, even if we consider heat flow. This is because the Gromov—Hausdorff limit dgy of d, involves
finding the minimum or geodesic distance between two points as indicated in (5.4). This amounts to
searching for the minimum path in the underlying spatial inhomogeneity. On the other hand, the B
in the limiting induced distance d is found by solving an elliptic cell-problem (A.6) which requires
taking some average of the spatial inhomogeneity. (Note that in contrast, in one dimension, any
path will explore the whole inhomogeneous landscape.) Hence, in general dgy and Wgy should be
smaller than d and W. See also the discussion in [20, p. 4298] and the work [22].

6. Conclusion

This paper provides a variational framework using the energy dissipation inequality to prove the con-
vergence of gradient flows in Wasserstein spaces. Our key contribution is the incorporation of fast
oscillations in the underlying energy and medium. In particular, the gradient-flow structure is preserved
in the limit but is described with respect to an effective energy and metric. Our result is consistent
with asymptotic analysis from the realm of homogenisation. Even though we apply the result to a linear
Fokker-Planck equation in a continuous setting, we believe the approach is applicable to a broader class
of problems including nonlinear equations or evolutions on graphs and networks.
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Appendix A. Asymptotic analysis for the e-gradient flow

In this section, we use the method of asymptotic expansion to analyse the convergence of the e-Fokker-
Planck equation (2.4) (or (2.15)) to the limiting homogenised one (2.24).
Recall the assumptions (2.30) and (2.32) for B, and 7, in Section 2.4 and the definition of fast variable

X
y:= —. Introducing
€

D(x,y) =7 (x,y)B”'(), (A.1)
then (3.2) reads
of =Ly (D(x, f)fo) . (A2)
. e
Consider the ansatz
ff (x, t) :fo(x, g, t) + &f] (x, g, t) + 0(¢*) with fy and f; 1-periodic in y. (A.3)

Substituting it into (A.2), we have

1 1 1

Terms of different orders are analysed as follows.
(I) %-terms. They satisfy,
V, - (D(x, NWVifolx,y, t)) =0.

Multiply the above by fy(x,y, ) and then integrate over y gives / [V folx, y, H)]* dy =0 which

implies fo(x, y, 1) = fo(x, 7).
(II) i-terms. They satisfy,

Y, - (DG, Y)(Vofy + Vof) =0, (A.5)
Fori=1,2,...d,let w,(y) be the solution to the cell problem
V, - (D(x, )V, wi(x, ) + V, - (D(x, y)é;) =0, (A.6)

where ¢; is the unit vector in i-coordinate. The above equation is solvable for each i due to the

compatibility condition / V, - (D(x,y)¢;) dy=0. Then we can write f; as

LGy, D= 0ufolx, Hwi(x, y).
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() O(1)-terms. Collecting the O(1)-terms in (A.4) and integrating with respect to y lead to

0fo(x, ) T(x) =V, - DXV fy(x, D)) + V - (Z A folx, t)@,»(x)) s
where

Do) = / 2B () dy, Gw)i= / (6 B (Vi y) d, (A7)

and 7 = / 7 (x,y) dy; see (2.33).
Then the leading dynamics in terms of f; is given by
1 - — _
3fo==V-(D+GVfy), where G=(G,,G,,...G,). (A8)
T

Upon defining
—_ —\ -1
— D+G
B(v) = (%) , (A9)
T
in terms of p = fy7, (A.8) can be written as

dp=V. (,0 B 'Viog %) (A.10)

The above procedure certainly works for the simpler uniform convergence case 7, = 7" in (2.34)
which converges uniformly to ,. We find it illustrative to write down the homogenized limit equation.
In this case, the definition of D (A.1), the cell problem (A.6) and the effective coefficients (A.7) now
become

Dey) =BT ), V- (BT 0Vwm) + Y, (B7(0)8) =0,

and

D(x) 1= my(x) / B'(y) dy, E(x) = 1y(x) f 371@)V),w@) dy, (where w=w;,w,...w,)),

so that
— — -1
— D(x) + G(x -
B(x)= b» + G = (f B~ '(y)dy + / B~'()V,w(y) dy) . (A.11)
To(X)
Then the effective Fokker-Planck equation is given by
dp=V- <p§‘v1og ﬁ). (A.12)
TTo

Comparing (A.9) and (A.11), it is clear that there is interaction between B, and . in the former case
but not in the latter.

Appendix B. Construction of é ¢ for (4.15)

Here we construct an approximating sequence £ — & in H'(Q) such that (4.15) holds. As mentioned,
due to the spatially varying weight function f*, in order to decouple the dependence between D, and f*,
an extra step is needed if we want to invoke the classical I'-convergence result Theorem 4.2. Without
loss of generality, we assume that £ is smooth so that pointwise evaluation & (x) is well-defined. This can
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be achieved by first convolving & with a smooth kernel. We also recall by statement (1) of Lemma 3.1
that f is a bounded and uniformly positive function.
For this purpose, we write for any £° that

1 ~ -

E/(Vggstvgg)fgdx

L [(«vé p,vE U [ wi povi Lo

= E‘/$;<VSF’DFV$y)f;dx+5/<VégaD£vsF>(f‘_‘f;)d‘x+E/S;<V§F,D5V§E>(f‘c —f)dx,

where f, is some continuous function approximating f. Next, we partition €2 into finitely many cubes C;
and define the following piece-wise constant function

- - 1
Jex)=f,; = —/ﬂdx for x € C;.
Gl Jg,
Hence
1 se “e 1 Te Se\r 1 o Ze _
§/<Vé D.VE >fcdx=25/<vs .D.VE >ﬁ>,-dx+25/(vé - DVE)fe — 1) d.
Q j Q j Q
With the above, we have

lim% (VE®, D, VE®)f* dx

=0 Q
1 - - - 1 ~ ~ -
= lim > /(VSS,DEVES)ﬁ-dxHim 5 [ (VE,D.VE)(f. — fo) dx
=0 2 Q &0 2 Q

+11ml (VE®, D, VE)(f —f.) dx + lim 1 /(VSS,DSV?)(]” —f)dx.
e—0 2 Q =0 2 Q

Now on each C;, we can invoke Theorem 4.2 to state the existence of recovery sequence § — § in

H(C) + g.;, where g, = £

such that
aC;

1iml (Vé?,DEV.g?)ﬁ,dle/(Vg,(E—FE)VE)ﬁ.jdx. (B.1)
>0 2 G J J 2 ¢

Next let £° = §; on C;. Note that £° thus defined is a global H'-function on . As there are only finitely
many cubes C;, we can conclude that

lim 1 (VE®, D, VE*)f. dx = 1 / (VE, (D + G)VE)f. dx. (B.2)
>0 2 Jo 2 Jgo
Hence we have

lim% (VE®, D, VE®)f* dx

e—0 Q
1 . = =~
= 5/(Vé,(D+G)Vé)fdx
Q

1 s = =~ - 1 - . -
+§/(VS,(D+G)V$>(ﬁ,»—f)dX+£ilr35/(Vég,ngég)(fc —fo) dx (B.3)

tlim e [(VEDVEYS —f) dx +lim - / (VE*, D,VE)(f* —f) d. (B.4)
e—0 2 Q =0 2 Q

A final ingredient we need is that the sequence of functions (VE?, D,VE®) is equi-integrable: for all
o > 0, there exists a 6 > 0 such that for any S C Q2 with |S| <6, then

/(Véf,pgv?) <o holds for all & > 0. (B.5)

N
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Once this is shown, we can then make use of Lusin and Egorov Theorems to claim that all the terms
in (B.3) and (B.4) converge to zero as € — 0: up to arbitrarily small measures, f equals a continuous
function f;, and the convergence of f* to f is uniform. We recall again that f* and f are uniformly bounded
functions.

We now show that the sequence of functions § ¢ can be constructed so as it satisfies (B.5). Without loss
of generality, we replace £ by a continuous and piece-wise affine function — this can be achieved by an
approximation using Galerkin or finite element method (given that £ is smooth). Then we have a partition
of € into a collection of polyhedrons. For simplicity, we can further assume that these polyhedrons are
the same as the C; on each of which £, is constant. Now we construct &° according to the following
procedure.

First, we define A(x, y) = D(x, y) = 7 (x, y)B~'(y). By the smooth assumption of 7= and B, we have that
Ais smooth iny € T" and x € C;.

Now, for x € C;, as VE is a constant vector p; € R", the homogenized matrix A(x) in Theorem 4.2 is
given by (4.8) and is repeated here for convenience.

(A@)p;, pj) =inf { / (AEY @G+, (g +Vy)dy, ve H'(T")} )
-

The inf above is achieved by v;(y) = |p;|W;(x, y) where W; solves the following cell-problem:

div, (A(x, y)VvAv,-) = —div, <A(x, y)%) , Wilx, ) e H'(T™), / w;(x,y) dy=0.
Pj ™

The smoothness assumption on A implies that
”‘:{}j(-x, ')3 V_\"A/Vj(-xs ')7 waj(xs ')||L°°(T2) < C

for some constant C that does not depend on x and ¢.

Next, let 0 < d, <d, be two positive numbers. For each C;, there exists a smooth subdomain q
of C; such that di¢ < dist(C}, 3C;) < d,¢. Then we define a cut-off function n; on C; satistying: (i)
0< ﬂf <1lonC; (ii) n]‘? =1on CJf; and (iii) n/?(x) — 0 smoothly as x — 9C; so that nj € C(Cy); (iv)
leVn; |1, < C for an e-independent constant C.

With the above, suppose ?:f )= Zj [ '+ Dy x)] Xc¢;(x), where x; is the characteristic function of C;.
We then define

EW=0 o+ 0p2) + e lp it D] o .

J
Then we have,
se £ A~ X £ N X . N X
VEW =) [p,- + 1 )| Vi e, =) + £ ()l V., =) + £V ()l i x, ;)] X¢ ().
j
By the aforementioned estimates for w; and n;, we can conclude that |VE(x)| < C |p;| for x € C; and
hence

|VE(x)| < C|VE(x)| forall x € .

(Here we make use of the L*(T") estimates for w; but we could also resort to the weaker L*(T") esti-
mates.) Note that the above statement holds uniformly for all ¢ <« 1. We can then conclude (B.5) as
|VE|? dx is finite.
Q
The fact that {5*} is a recovery sequence for & is due to the properties that £ —> £ in L2(€2) and

e>0

VE* differs from the “optimal” oscillatory functions {p; + |p;|V,;(x, )}, only on [J; G;\C; which has
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vanishing measure as ¢ —> 0. More precisely, we have
3 X NE NE r — 1 f ~S Né‘ r
tim [ (e, %)vE vE ycdx—yggjzfq (A DIVE, VEE du
=y / / <A(x, (P + P Vi, 1), (pr + oI Vo, y))> dyf, dx
joradr

=> / (AP, pfe; dx = / (Ax)VE, VEF. dx.

The above computation is classical in the theory of two-scale convergence — see [3, Prop. 1.14(i), and
equations (2.10), (2.11)]. Note also that (B.1) and (B.2) hold as f; is constant on the C;’s.
We can now conclude (4.15).
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