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Abstract
The construction of loss functions presents amajor challenge in data-drivenmodeling involv-
ing weak-form operators in PDEs and gradient flows, particularly due to the need to select
test functions appropriately.We address this challenge by introducing self-test loss functions,
which employ test functions that depend on the unknown parameters, specifically for cases
where the operator depends linearly on the unknowns. The proposed self-test loss function
conserves energy for gradient flows and coincides with the expected log-likelihood ratio for
stochastic differential equations. Importantly, it is quadratic, facilitating theoretical analysis
of identifiability and well-posedness of the inverse problem, while also leading to efficient
parametric or nonparametric regression algorithms. It is computationally simple, requiring
only low-order derivatives or even being entirely derivative-free, and numerical experiments
demonstrate its robustness against noisy and discrete data.
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1 Introduction

Learning governing equations from data is a fundamental task in many areas of science
and engineering, such as physics, biology, and geosciences [6, 14, 15, 25, 35, 37, 41]. The
governing equations allow us tomodel complex systems, predict future behavior, and develop
effective control strategies. They are often in the form of partial differential equations (PDEs),
such as gradient flows [3, 11, 12, 19] and diffusion models [4, 13, 18, 30, 42, 46]. To learn
these equations, it is necessary to use data to approximate the differential operators. However,
real-world data is often noisy and discrete, leading to large errors in derivative approximations
and unreliable estimators when using strong-form equations.

Weak-form equations provide a more versatile framework. By using smooth test functions
with integration by parts, weak forms use lower-order differential operators, thereby offering
improved robustness to noisy and discrete data [10, 13, 21, 31, 32, 43, 48].

However, constructing loss functions for variational inference of weak-form equations
poses a major challenge. This difficulty arises because the weak form requires test functions
to be dense in the dual space, typically an infinite-dimensional function space. In classical
approaches, test functions are often chosen to be smooth and compactly supported, with
Galerkin basis functions being a prominent example [32]. These methods are often limited
to low-dimensional problems and are not scalable to high-dimensional settings, such as the
Wasserstein gradient flows of probability measures in high-dimensional spaces. Importantly,
since universal test functions are agnostic to the data and the model, it is necessary to use a
large set of such test functions to ensure that all relevant information from the data is captured,
which often leads to redundancy and computational inefficiency.

We address this challenge by introducing self-test loss functions for cases where the
operator depends linearly on the (function-valued) parameter. The key idea is to employ
test functions that depend on the unknown parameter itself and the data, which we call self-
testing functions. Such test functions are automatically determined by the operator and the
data. Thus, they automate the construction of the loss function.

The proposed loss function is suitable for variousweak-formoperators, including the high-
dimensional gradient flows and diffusion models. In particular, the self-test loss function
is quadratic. It facilitates theoretical analysis of identifiability and well-posedness of the
inverse problem. It also enables efficient parametric and nonparametric regression algorithms.
It is computationally simple, requiring only low-order derivatives or even being entirely
derivative-free. Our numerical experiments demonstrate its robustness against noisy and
discrete data.

1.1 Problem Settings andMain Results

Consider the problem of estimating the (function-valued) parameter φ in the operator Rφ :
X → Y in the weak-form equation:

Rφ[u] = f ⇔ 〈Rφ[u], v〉 = 〈 f , v〉, ∀v ∈ Y
∗ (1.1)

from data consisting of noisy discrete observations of input-output pairs:

D = {(ul , fl)}Ll=1. (1.2)

Here, X, Y are metric spaces, Y
∗ is the dual space of Y, and 〈·, ·〉 means the dual pair

between Y and Y
∗. The operator Rφ : X → Y can be either linear or nonlinear. Depending
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on the operators, the data can be the functions at discrete spatial-time meshes or empirical
distributions of samples; see (1.6), (1.9) and (1.11) below.

We assume that the operator Rφ[u] depends linearly on φ when u is fixed, that is,

Rαφ1+βφ2 [u] = αRφ1 [u] + βRφ2 [u], (1.3)

for any α, β ∈ R and any function φ1 and φ2 such that the operator is well-defined. We
assume no prior knowledge of φ, except that the operator Rφ[u] is well-defined.

To construct a loss function using the weak form equation, we introduce self-testing
functions vφ[u] ∈ Y

∗ defined from Rφ and u so that, for all φ,ψ ,

〈Rφ[u], vψ [u]〉 = 〈Rψ [u], vφ[u]〉 (symmetry), 〈Rφ[u], vφ[u]〉 ≥ 0 (positivity). (1.4)

The self-test loss function is

ED(φ) = 1

L

L∑

l=1

〈Rφ[ul ], vφ[ul ]〉 − 2〈 fl , vφ[ul ]〉 + C0,

where C0 is an arbitrary constant.
We demonstrate the self-test loss function in three settings involving function-valued

parameters:Wasserstein gradient flows, aweak-form elliptic operator, and interacting particle
systems with sequential ensembles of unlabeled data. Among these, Example 1 serves as a
running example throughout the paper.

Example 1 (Wasserstein gradient flow) Estimate φ = (h,�, V ) in the Wasserstein gradient
flow

∂t u = ∇ · (u∇[νh′(u) + � ∗ u + V ]) =: Rφ[u], (1.5)

where h : R → R is the diffusion rate function, � : R
d → R is the pairwise interaction

potential satisfying �(−x) = �(x), and V : R
d → R is an external potential acting on each

particle. The data consists of discrete noisy observations of solutions on amesh {xi }Ni=1 ⊂ R
d :

D1 = {ul(xi )}N ,L
i,l=1, ul(xi ) = u(xi , tl) + εi,l , (1.6)

where {εi,l} are noises or measurement errors. The self-testing function is vφ[u] = νh′(u) +
� ∗ u + V , and the self-test loss function is

Eu(φ) := 1

T

∫ T

0

∫

Rd

[
u|∇[νh′(u)+�∗u+V ]|2 −2∂t u[νh′(u)+�∗u+V ]]dxdt, (1.7)

see Section 2.2 for a derivation and Section 4 for an analysis on identifiability and
well-posedness of the inverse problem. One can construct an empirical loss function by
approximating the integrals in (1.7) using data D1.

Example 2 (Weak-form operator) Estimate the coefficient a : R
d → R in the PDE:

Ra[u] := −
(au) = f (1.8)

from data consisting of discrete noisy observations on the spatial mesh {xi }Ni=1 ⊂ R
d :

D2 = {(ul(xi ), fl(xi )}N ,L
i,l=1. (1.9)

The self-testing function is va[u] = au; see Section 2.3. Note that this inverse problem is
different from the inverse conductivity problem (see e.g., [18]), where the goal is to estimate
a in ∇ · (a∇u) = 0 in � when given only u

∣∣
∂�

= f .
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Example 3 (Sequential ensembles of unlabeled data) Estimate the potentials�, V : R
d → R

in the differential equation of N -interacting particles,

d

dt
Xi
t = −[∇V (Xi

t ) + 1

N

N∑

j=1

∇�(Xi
t − X j

t )
]
, 1 ≤ i ≤ N (1.10)

from data consisting of M independent sequences of ensembles of unlabeled particles

D3 = {(Xil ,(m)
tl , 1 ≤ il ≤ N )}M,L

m,l=1. (1.11)

Since the particles are unlabeled, there is no information on their trajectories. Thus, the
classical methods based on the derivatives d

dt X
i
t , see e.g., [27–29], are no longer applicable.

We construct a loss function based on the weak-form equation of the empirical measures
μN (x, t) := 1

N

∑N
i=1 δXi

t
(x), and the self-testing function is vφ[μN ] = � ∗ μN + V ;

see Section 2.4. Additionally, we demonstrate numerical estimation using neural network
approximation in Section 5.3.

Key features of the self-test loss function. The quadratic self-test loss function conserves
energy for gradient flows, aligns with the expected log-likelihood ratio for stochastic dif-
ferential equations, facilitates theoretical analysis of identifiability and well-posedness, and
leads to efficient parametric or nonparametric regression algorithms.

– It aims tomatch the energy dissipation for theWasserstein gradient flow, and itsminimizer
conserves the energy of the data flow; see Theorem 3.2. The self-testing functions are
the first variation of the free energy. Also, for the weak-form Fokker-Planck equation
of the McKean-Vlasov stochastic differential equation (SDE), the self-test loss function
coincides with the expectation of the negative log-likelihood ratio (see Theorem 3.3). As
a result, a minimizer of the self-test loss function maximizes the expected likelihood.

– Importantly, the loss function is quadratic since both Rφ[u] and vφ[u] are linear in φ. It
facilitates the analysis on identifiability and well-posedness of the inverse problem based
on the Hessian of the loss function. We demonstrate such an analysis for learning the
diffusion rate function and the potentials in the Wasserstein gradient flow in Section 4.

– It also leads to computationally efficient parametric or nonparametric regression algo-
rithms, using either least-squares or neural network regression. We demonstrate its
robustness against noisy and discrete data in parametric and nonparametric estimations
in Section 5.

1.2 RelatedWork

Weak formulations offer a robust and flexible foundation for addressing both forward and
inverse PDE problems, and have thus attracted growing attention in recent years.
General forward and inverse problems using weak-form. For forward problems, machine
learning methods rooted in variational principles include the Deep Ritz method [9], the Deep
Galerkin method [40], variational physics-informed neural networks [7, 21, 22], and physics-
informed graph neural Galerkin networks [10], among others. For inverse PDE problems, we
refer to [18] and [13] for comprehensive overviews. In classical inverse settings, where data
are often limited to boundary measurements (e.g., in the inverse conductivity problem) or
spectral information (e.g., in inverse spectral problems), one must estimate both the solution
and the unknown parameters simultaneously. Recent approaches, such as weak adversarial
networks [2] and physics-informed graph neural Galerkin networks [10], use weak form
equations to address these classical difficulties.

123



Journal of Scientific Computing (2026) 108 :28 Page 5 of 32 28

Table 1 Notations

Notations Description

Rφ [·], vφ [·] Operators Rφ [·] : X → Y, vφ [·] : X → Y
∗

φ (Function-valued) parameter to be estimated from data

〈 f , v〉, 〈·, ·〉H Dual operation with f ∈ Y, v ∈ Y
∗; inner product in H

E(·) Eφ(·) R-valued loss function and energy function

P2(R
d ) The space of probability measures with finite second moments

In contrast, our setting considers data consisting of PDE solutions sampled on discrete
spatial grids or approximated by empirical measures, and the task is to estimate the PDE
parameters. On the other hand, our self-test loss function can be applied to these methods,
providing a systematic way to construct loss functions based on weak-form equations.
Regression based on weak-form.Weak-form methods for parameter estimation have been
widely explored in sparse regression frameworks, including Weak-SINDy [31–33], Weak-
PDE-LEARN [43], and other weak-form-based data-driven modeling approaches [4, 13, 36,
37, 41]. These methods rely on carefully designed families of smooth, compactly supported
test functions thatmust be tailored to the data, domain, and PDE structure, a task that becomes
increasingly challenging and computationally demanding in high dimensions. In contrast, the
self-test loss function proposed in this work removes the need for such hand-crafted test sets
by constructing test functions directly from the operator and the data in a canonical way.
Moreover, it can be seamlessly integrated into theWeak SINDy framework: one may include
the self-test function as an additional test function or augment the Weak SINDy loss with the
self-test term, thereby combining SINDy’s sparsity-promoting structure with the robustness
and adaptivity of the self-test formulation.
Energy variational approaches and gradient flow inference. Our framework is closely
related to energy variational approaches [17, 30, 45] and gradient flow inference [4, 23].
The energy-dissipation-based loss [30, 45] shares conceptual similarities with the self-test
loss function, aiming to preserve energy structures observed in the data. In particular, both
approaches accommodate PDEs or stochastic differential equations for generalized diffusions
and gradient flows, and can handle data defined on spatial grids or represented by particle
samples. Furthermore, in the context of gradient flow inference, the self-test loss aligns with
likelihood-based loss functions [23] and the quadratic loss [4]. By casting thesemethods into a
unified variational inference framework, the self-test loss function extends their applicability
beyond energy-dissipating systems to general weak formulations.

The rest of the paper is organized as follows. Section 2 defines the framework of the self-
test loss functions and provides examples. In Section 3, we show that for general gradient
flow, the self-test loss function’s minimizers conserve the energy. We also connect it with
the likelihood of SDEs. In Section 4, we study the identifiability and well-posedness of
the diffusion rate function and the potentials in aggregation-diffusion equations. We present
numerical experiments in Section 5 and conclude in Section 6.

Notation Throughout the paper, we denote the true parameter by φ∗ and observational data
by f . We abuse the notation u, which may represent either a function u(x) or u(x, t) for a
given t , as long as the context is clear. Table 1 lists the notations.
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2 Self-Test Loss Functions

We first formulate the self-test loss function within a general weak-form operator learning
setting that includes both weak-form PDEs and gradient flows. The formulation is then
illustrated through the running examples. For clarity, we derive the loss functions under the
assumption of continuous noiseless data, before discussing how they are approximated from
discrete, noisy measurements in practice.

2.1 Weak-Form Operator Learning

The main idea behind the self-test loss function is to guide the minimization in the direction
that explores the unknown parameter the most. Thus, we use the parameter to construct test
functions.

Definition 1 (Self-test loss function) Consider the problems of estimating φ in the operator
equation (1.1) from the dataset in (1.2), where the operator Rφ[u] is linear in φ. We call
vφ[u] ∈ Y

∗ a self-testing function if it satisfies the self-testing properties:

Symmetry: 〈Rφ[u], vψ [u]〉 = 〈Rψ [u], vφ[u]〉,
Positivity: 〈Rφ[u], vφ[u]〉 ≥ 0,

Linearity: vφ+ψ [u] = vφ[u] + vψ [u],
(2.1)

for any φ,ψ such that these operations are well-defined for all u ∈ {ul}Ll=1. We call

ED(φ) =
L∑

l=1

〈Rφ[ul ], vφ[ul ]〉 − 2〈 fl , vφ[ul ]〉 + C0 (2.2)

a self-test loss function, where C0 is an arbitrary constant.

The self-test loss function has three appealing properties. First, it is quadratic in the
unknown parameterφ. Thus, it is convex, and its minimizers can be computed using the broad
class of regression techniques. Also, the uniqueness of the minimizer can be established in a
proper function space, as well as the well-posedness of the inverse problem; see Section 4.
Second, it employs the weak form operator, which requires either a low-order derivative or
no derivatives of u, thereby avoiding numerical errors when approximating derivatives from
noisy discrete data. Lastly, in applications with probability gradient flow, it is particularly
suitable for high-dimensional systems with ensemble data consisting of particle samples, as
the loss function can be written as a combination of expectations; see Sections 2.4 and 3.2.

Two major tasks in the construction of the self-test loss function are (i) to find the self-
testing function vφ[u], and (ii) to select a proper parameter space for the minimization.
Fortunately, the linearity of Rφ[u] in φ and the self-testing properties (2.1) provide clear
clues on constructing vφ[u]. As examples, we explore such self-testing functions for weak-
form PDEs and gradient flows in Sections 2.2–2.3. Meanwhile, the loss function indicates
adaptive function spaces for the parameter, which we explore in Section 4.

The next proposition shows that any minimizer of the self-test loss function satisfies the
weak-form equation when tested against all admissible self-testing functions.

Proposition 1 (Minimizer of the self-test loss function.) Let ul be a weak solution to
Rφ∗ [ul ] = fl for each 1 ≤ l ≤ L. The self-test loss function in (2.2) with C0 =
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∑L
l=1〈Rφ∗ [ul ], vφ∗ [ul ]〉 can be written as

ED(φ) =
L∑

l=1

〈Rφ−φ∗ [ul ], vφ−φ∗ [ul ]〉 (2.3)

and it has φ∗ as a minimizer. In particular, φ∗ is the unique minimizer in a linear space H
if and only if there exists l ∈ {1, . . . , L} such that 〈Rφ[ul ], vφ[ul ]〉 > 0 for every nonzero
φ ∈ H. Also, any minimizer φ0 of the self-test loss function is a solution to the equation

L∑

l=1

〈Rφ0 [ul ] − fl , vψ [ul ]〉 = 0, (2.4)

for all ψ such that
∑L

l=1〈Rψ [ul ], vψ [ul ]〉 < ∞.

Proof Given the above C0, Eq.(2.3) follows from

ED(φ) =
L∑

l=1

[〈Rφ[ul ], vφ[ul ]〉 − 2〈 fl , vφ[ul ]〉 + 〈Rφ∗ [ul ], vφ∗ [ul ]〉
]

=
L∑

l=1

〈Rφ−φ∗ [ul ], vφ−φ∗ [ul ]〉,

where the last equality follows from the facts that Rφ[u] and vφ[u] are linear in φ, and
that 〈Rφ[ul ], vφ∗ [ul ]〉 = 〈Rφ∗ [ul ], vφ[ul ]〉 = 〈 fl , vφ[ul ]〉. Then, φ∗ is a minimizer by the
positivity property. Also, this equation implies that the uniqueness of the minimizer in the
linear space H is equivalent to the strict positivity of 1

L

∑L
l=1〈Rφ[ul ], vφ[ul ]〉 for every

nonzero φ ∈ H. Thus, φ∗ is the unique minimizer in H iff there exists l ∈ {1, . . . , L} such
that 〈Rφ[ul ], vφ[ul ]〉 > 0 for every nonzero φ ∈ H.

Lastly, since φ0 is a minimizer of the loss function, we have, for anyψ s.t. ED(φ0+εψ) <

∞,

0 = d

dε
ED(φ0 + εψ) = lim

ε→0

ED(φ0 + εψ) − ED(φ0)

ε
=

L∑

l=1

〈Rφ0 [ul ] − fl , vψ [ul ]〉,

and it gives Eq.(2.4). ��

2.2 Example:Wasserstein Gradient Flow

We consider first the estimation of function-valued parameters in the Wasserstein gradient
flow in (1.5) from data in Example 1. Here the diffusion constant can be either ν > 0 or
ν = 0, and the diffusion rate function h : R → R satisfies that r �→ rdh(r−d) is convex
non-increasing. Examples of such h include

h(s) = s
1

m − 1
sm−1 =

{
1

m−1 s
m, m > 1,

s log s, m = 1,
(2.5)

where we use the convention 1
m−1ρ

m−1 = log ρ whenm = 1. In particular, whenm = 1, we
have h′(u) = 1+ log u and ∇ · (u∇h′(u)) = ∇ · [u∇(1+ log u)] = 
u, and (1.5) becomes

∂t u = ν
u + ∇ · (u∇[V + � ∗ u]), x ∈ R
d , t > 0. (2.6)
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This is the mean-field equation for the large N limit of the interacting particle system,

dXi
t = −[∇V (Xi

t ) + 1

N

N∑

j=1

∇�(Xi
t − X j

t )
]
dt + √

2νdWi
t , 1 ≤ i ≤ N , (2.7)

where (Wi
t )1≤i≤N are R

d -valued independent Brownian motions, and (Xi
0)1≤i≤N are inde-

pendent samples of distribution u(·, 0); see e.g., [19, 20].
Self-test loss function for estimating (h,�, V ). The task is to estimate the parameter φ =
(h,�, V ) in the operator Rφ[u] in (1.5). Its self-testing function is

vφ[u] := νh′(u) + � ∗ u + V . (2.8)

It is direct to verify the self-testing properties in (2.1): clearly, the symmetry and linearity
hold; the positivity holds since by integration by parts, 〈Rφ[u], vφ[u]〉 = ∫

Rd u|∇[νh′(u) +
� ∗ u + V )]|2dx ≥ 0, for all φ such that 〈Rφ[u], vφ[u]〉 is well-defined.

Hence, the self-test loss function for data (u(t, x) : t ∈ [0, T ], x ∈ R
d) is (1.7). Its

minimizer matches the energy dissipation of the gradient flow, which we explore in Section 3.
Self-test loss function for estimating (�, V ). Assume that �(−x) = �(x). Consider the
problem of estimating (�, V ) in the mean-field equation (2.6), i.e., estimating the parameter
φ = (�, V ) in the (weak-form) operator Rφ[u] = −∇ · [u∇(� ∗ u + V )]. The self-testing
function is vφ[u] = � ∗ u + V , and 〈Rφ[u], vφ[u]〉 = ∫

Rd u|∇� ∗ u + ∇V |2dx . Thus, the
self-test loss function is

Eu(�, V ) = 1

T

∫ T

0

∫

Rd

[
u|∇� ∗ u + ∇V |2 − 2(∂t u − ν
u)(� ∗ u + V )

]
dx dt .

= 1

T

∫ T

0

∫

Rd

[
u|∇� ∗ u + ∇V |2 + 2νu(
� ∗ u + 
V )

]
dx dt

− 2

T

∫

Rd

[
u(T , x)[� ∗ u(T , x)/2 + V (x)] − u(0, x)[� ∗ u(0, x)/2 + V (x)]]dx,

(2.9)

where the last equality follows from integration by parts and �(−x) = �(x).
In practice, when the data is discrete, as in (1.6), we approximate the integrals in (2.9)

using numerical methods, such as Riemann sums.

2.3 Example: Elliptic Diffusion Operators

To estimate a : R
d → R in Example 2, we have Ra[u] = −
(au) : C1

c (R
d) → Y. Here

Y is a Banach space such that BV∗ ⊂ Y and Y
∗ ⊂ BV, where BV denotes the space of

functions with bounded variation. The self-testing function is va[u] = au ∈ C1
c (R

d), whose
self-testing properties follow directly, in particular, 〈Ra[u], va[u]〉 = − ∫

Rd 
(au)audx =∫
Rd |∇(au)|2dx ≥ 0 for all a ∈ C1

c (R
d). Hence, the self-test loss function for a single data

pair (u, f ) is

E(u, f )(a) = 〈Ra[u] − 2 f , va[u]〉 =
∫

Rd
[|∇(au)|2 − 2 f au]dx . (2.10)
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Approximating the integrals by Riemann sums with the data in (1.9), we obtain an empirical
self-test loss function

ED2(a) = 1

L

L∑

l=1

E(ul , fl )(a) = 1

NL

N ,L∑

i,l=1

[|[∇(aul)](xi ))|2 − 2 fl(xi )a(xi )ul(xi )
] |
xi |.

2.4 Example: Sequential Ensembles of Unlabeled Data

To estimate the potentials from sequential ensembles of unlabeled data (Xil ,(m)
tl , 1 ≤ il ≤ N )

in Example 3, we consider the empirical measures of the data

μ
(m)
N (x, tl) = 1

N

N∑

il=1

δ
X
il ,(m)
tl

(x).

We construct a self-test loss function using the fact that the empirical measureμN (x, t) :=
1
N

∑N
i=1 δXi

t
(x) with (Xi

t , 1 ≤ i ≤ N ) satisfying (1.10) is a weak solution to equation

∂tμN = ∇ · (μN∇[V + � ∗ μN ]), μN (·, t) ∈ P2(R
d), t > 0. (2.11)

In other words, for any function v ∈ C2(Rd),

〈∂tμN , v〉 = 〈∇ · (μN (∇� ∗ μN + V )
)
, v〉 = − 〈μN (∇� ∗ μN + V ),∇v〉,

where the second equality follows from integration by parts. In fact, the above equation holds
by the chain rule with the differential equation (1.10):

〈∂tμN , v〉 = 1

N

N∑

i=1

d

dt
v(Xi

t ) = 1

N

N∑

i=1

dXi
t

dt
· ∇v(Xi

t )

= − 1

N

N∑

i=1

⎛

⎝ 1

N

N∑

j=1

∇�(Xi
t − X j

t ) + ∇V (Xi
t )

⎞

⎠ · ∇v(Xi
t )

= −〈μN (∇� ∗ μN + V ),∇v〉
and by noticing that ∇� ∗ μN (x) = 1

N

∑N
j=1 ∇�(x − X j

t ).
Thus, we consider the weak-form operator Rφ[u] = −∇ · [u∇(� ∗ u + V )] with output

f = ∂t u. The self-testing function is vφ[u] = � ∗ u + V , and 〈Rφ[u], vφ[u]〉 = ∫
Rd u|∇� ∗

u + ∇V |2dx . Then, the self-test loss function is (2.9) with ν = 0. Using the data-induced
empirical measures {μ(m)

N (·, tl)}, we have a self-test loss function

ED3(�, V ) = 1

LMN

L,N ,M∑

l,i,m=1

∣∣∣∣∣∣
1

N

N∑

j=1

∇�(Xi,(m)
tl − X j,(m)

tl ) + ∇V (Xi,(m)
tl )

∣∣∣∣∣∣

2

dt

− 2

LMN

N ,M∑

i,m=1

⎡

⎣ 1

N

N∑

j=1

�(Xi,(m)
t − X j,(m)

t ) + V (Xi,(m)
t )

⎤

⎦

∣∣∣∣∣∣

tL

t1

. (2.12)

Note that this empirical loss function does not use the trajectory information of any single
particle, and it uses exactly the ensemble data of unlabeled particles. We demonstrate the
application of this loss function in Section 5.3.
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Remark 1 Eq.(2.11) is the same as (1.5) with ν = 0 and the empirical measures (μN (·, t), t ≥
0) form a Wasserstein gradient flow on P2(R

d). However, it is not the Liouville equation of
the ODE in (1.10), since the Liouville equation governs the evolution of the joint distribution
on R

Nd . Similarly, the mean-field equation in (2.6) is not the Fokker-Planck equation of the
SDE in (2.7), but we can use it to derive the same self-test loss function for the SDE with
sequential ensembles of unlabeled data D3.

3 Connection with Energy Conservation and Likelihood

This section connects the self-test loss to two fundamental principles: the energy conserva-
tion law of gradient flows and the maximal likelihood principle for inference in stochastic
differential equations (SDEs). We show that the self-test loss is designed to match the energy
dissipation of a gradient flow, and that its minimizer satisfies the corresponding energy
conservation law for the observed data. Moreover, the first variation of the free energy natu-
rally yields a self-testing function. These results are illustrated through the Wasserstein and
parabolic gradient flow examples. Finally, we show that, for SDEs, the self-test loss coincides
with the expected negative log-likelihood ratio.

3.1 Matching Energy Dissipation for Gradient Flow

Wefirst define the self-test loss function for a generic gradient flowwhose free energy depends
linearly on the parameter.

Consider the estimation of the function-valued parameter φ in the free energy Eφ : M →
R, where M is a metric space, from a gradient flow path u[0,T ] := (u(t, ·), t ∈ [0, T ]) ⊂ M.
Here, the gradient flow satisfies the equation

∂t u = −Au
δEφ

δu
, (3.1)

where ∂t u ∈ TuM, Au : T ∗
u M → TuM is a nonnegative definite operator from the cotangent

plane T ∗
u M to the tangent plane TuM, and δEφ

δu ∈ T ∗
u M is the Fréchet derivative (also called

the first variation) of the free energy. Its weak form reads

〈∂t u, g〉 +
〈
Au

δEφ

δu
, g

〉
= 0, ∀g ∈ T ∗

u M,

where 〈·, ·〉 is the dual pair on TuM × T ∗
u M.

We define a self-test loss function for estimating φ by connecting the gradient flow with
the weak form operator Rφ in (1.1) and its self-testing function vφ[u] as follows:

Rφ[u] = Au
δEφ

δu
, vφ[u] = δEφ

δu
. (3.2)

The following assumptions on the gradient flow ensure the self-testing properties in (2.1).

Assumption 3.1 Assume the gradient flow in (3.1) satisfies the following properties.

(i) The operator Au is linear, nonnegative definite, and symmetric: ∀ξ, η ∈ T ∗
u M,

linear: Au(ξ + η) = Auξ + Auη;
symmetric: 〈Auξ, η〉 = 〈ξ, Auη〉;
nonnegative definite: 〈Auξ, ξ 〉 ≥ 0.

(3.3)
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Here 〈·, ·〉 are dual pair on TuM × T ∗
u M.

(ii) The free energy Eφ depends on φ linearly. Consequently, δEφ

δu is also linear in φ, i.e.,
δEφ+ψ

δu = δEφ

δu + δEψ

δu for all φ,ψ such that the energy function is well-defined.

Definition 2 (Self-test loss function for gradient flow) Consider the problem of estimating
φ in the gradient flow (3.1) satisfying Assumption 3.1.

Given continuous time data u[0,T ] := (u(t, ·), t ∈ [0, T ]), a self-test loss function is

Eu[0,T ](φ) = 2[Eφ(u(T , ·)) − Eφ(u(0, ·))] +
∫ T

0

〈
Au

δEφ

δu
,
δEφ

δu

〉
dt . (3.4)

The next theorem shows that the self-test loss function has the true parameter φ∗ as a
minimizer, and that its minimizer satisfies energy conservation for the data flow.We postpone
its proof to Appendix A.1.

Theorem 3.2 (Minimizer of the loss function) The minimizer of the loss function Eu[0,T ](φ)

in (3.4) of Definition 2 satisfies the following properties.

(a) The true parameter φ∗ is a minimizer and Eu[0,T ](φ∗) = − ∫ T0
〈
Au

δEφ∗
δu ,

δEφ∗
δu

〉
dt .

(b) Uniquenss. The minimizer is unique in a linear parameter space H if
∫ T

0

〈
Au

δEφ

δu
,
δEφ

δu

〉
dt > 0, ∀φ ∈ H, φ �= 0. (3.5)

(c) Energy conservation. A minimizer φ0 of Eu[0,T ](φ) satisfies the energy conservation for
the data u[0,T ]. That is, the energy change Eφ0 [u(T , ·)] − Eφ0 [u(0, ·)] matches the total
energy dissipation − ∫ T0 〈Au

δEφ0
δu ,

δEφ0
δu 〉 dt along the flow u[0,T ]:

Eφ0 [u(T , ·)] − Eφ0 [u(0, ·)] = −
∫ T

0

〈
Au

δEφ0

δu
,
δEφ0

δu

〉
dt . (3.6)

Example: the Wasserstein gradient flow.We show first that the Wasserstein gradient flow
in Eq.(1.5) satisfies Assumption 3.1; thus, its self-test loss function in (2.2) aims to match
the energy dissipation in the data.

Let M := (P2(R
d),W2) be the space of probability measures with finite second moments

endowed with the Wasserstein-2 metric W2. Recall that for any convex functional E(u) over
M, the gradient is ∇W2E(u) = −∇ · (u∇ δE

δu ), where ∇ is the gradient with respect to x (see
e.g., [3, 44]). Then, a gradient flow in M is

∂t u = −∇W2E = ∇ ·
(
u∇ δE

δu

)
= −Au

δE

δu
with Auξ := −∇ · (u∇ξ). (3.7)

Clearly, the operator Au : T ∗
u M → TuM is linear, non-negative definite and symmetric, i.e.,

it satisfies Assumption 3.1(i).
To connect with Eq.(1.5), consider the free energy with parameter φ = (h,�, V ):

Eφ(u) = ν

∫
h(u) + 1

2

∫ ∫
�(x − y)u(x)u(y)dxdy +

∫
V (x)u(x)dx .

Here, the first term is called entropy (named when h(s) = s log s) or internal energy in
general, and the second and third terms are called interaction energy and potential energy.
Since �(x) = �(−x), the Fréchet derivative of this energy function is

δEφ

δu
= νh′(u) + � ∗ u + V . (3.8)
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Then, the W2-gradient flow equation (3.7) becomes Eq.(1.5).
In particular, note that both Eφ and its derivative δEφ

δu in (3.8) are linear in φ. In other
words, Assumption 3.1(ii) holds. Thus, we can define the self-test loss function in (3.4).
Meanwhile, note that the above δEφ

δu is exactly the self-testing function vφ[u] in (2.8). Thus,
this self-test loss function agrees with the one in (1.7).

Thus, by Theorem 3.2, the self-test loss function has φ∗ as a minimizer, and any of its
minimizers matches the energy conservation for the data flow.
Example: the parabolic gradient flow. Consider next estimating the coefficient a(x) from
data u[0,T ] of the parabolic (or H−1) gradient flow

∂t u = 
(a(x)u), x ∈ T
d , (3.9)

where T
d is the d-dimensional torus. It is a H−1 gradient flow of the free energy Ea(u) :=

1
2

∫
a(x)u2 dx since ∇H−1

E = −
δEa
δu and δEa

δu = au. In other words, Eq.(3.9) can be
written as

∂t u = −∇H−1
E = −Au

δEa

δu
with Auξ = −
ξ.

Clearly, Assumption 3.1 holds since (i) the Au : H1 → H−1 is linear, nonnegative definite
and symmetric, and (ii) the energy function Ea and its derivative δEa

δu are linear in a. Thus,
by (3.4) with integration by parts, the self-test loss function is

Eu[0,T ](a) =
∫

Td
[u(T , x))2 − u(0, x))2]a(x)dx +

∫ T

0

∫

Td
|∇(au)|2 dx dt .

It is the time-integrated version of the loss function (2.10) with f = ∂t u for Example 2.

3.2 Expected Likelihood Ratio of the McKean-Vlasov SDE

Next, we show that for the McKean-Vlasov SDE, the self-test loss function of its Fokker-
Planck equation coincides with the expectation of the negative log-likelihood ratio (see
Appendix A.1 for its proof).

Theorem 3.3 Consider the problem of estimating the potentials V∗,�∗ : R
d → R in the

McKean-Vlasov SDE
{

dXt = − ∇[V∗(Xt ) + �∗ ∗ u(Xt , t)]dt + √
2νdBt ,

u(x, t) =E[δXt
(x)]. (3.10)

Suppose that the data is u[0,T ] := (u(t, x), t ∈ [0, T ], x ∈ R
d), where u(t, ·) is the probabil-

ity distribution of Xt . Then, the self-test loss function in (2.9) for the weak formFokker-Planck
equation in (2.6) is the expectation of the negative log-likelihood ratio EX [0,T ](�, V ) of the

path X [0,T ], i.e., Eu[0,T ](�, V ) = 2ν
T E
[EX [0,T ](�, V )

]
.

A key advantage of the self-test loss function is its applicability for both ν > 0 and ν = 0.
In contrast, the likelihood-based approach requires ν > 0, as this condition is essential for
applying the Girsanov theorem to define a non-degenerate measure on the path space. The
self-test loss function, however, imposes no such constraint on ν. Notably, when ν = 0, the
SDE reduces to an ordinary differential equation (ODE). When the ODE has a random initial
condition, the self-test loss function is derived from the Liouville equation governing the
distribution flow.
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Importantly, as the next proposition shows, we can write the self-test loss function as a
combination of expectations for probability flows. This allows Monte Carlo approximation
of the loss function, which is particularly useful for high-dimensional problems when the
data consists of sequential ensembles of samples.

Corollary 1 The loss function of (3.10) with ν ≥ 0 can be written as expectations:

Eu[0,T ](�, V ) = 1

T

∫ T

0

(
E
∣∣E[∇�(Zt )|Xt ] + ∇V (Xt )

∣∣2 + 2νE[
�(Zt ) + 
V (Xt )]
)
dt

− 2
(
E[�(ZT ) + V (XT )] − E[�(Z0) + V (X0)]

)
,

(3.11)
where Zt = Xt − X

′
t and X

′
t is an independent copy of Xt .

Proof Recall that u(·, t) is the probability density function of Xt . Hence, we can write the
integrals as expectations, for example,

∫
Rd u|∇V |2dx = E[|∇V (Xt )|2]. In particular, note

that � ∗ u(Xt ) = E[�(Xt − X
′
t )|Xt ], where X

′
t is an independent copy of Xt . Then, we

have
∫ T
0

∫
Rd u|∇� ∗ u + ∇V |2 dxdt = ∫ T0 E

∣∣E[∇�(Zt )|Xt ] + ∇V (Xt )
∣∣2dt .

Meanwhile, note that E[� ∗ u(Xt )] = E
[
E[�(Xt − X

′
t )|Xt ]

] = E[�(Zt )]. Then, with
integration by parts, we can write
∫

Rd
(� ∗ u + V )(∂t u − ν
u)

]
dx = ∂tE[�(Zt ) + V (Xt )] − νE[
�(Zt ) + 
V (Xt )].

Integrate in time over [0, T ], we obtain (3.11). ��

4 Identifiability andWell-Posedness

The quadratic structure of the self-test loss functions provides a framework for analyzing
the identifiability of the (function-valued) parameters and the well-posedness of the inverse
problems. Notably, since no prior information is assumed for the unknown parameters, we
define adaptive spaces that depend on both the operator and the data. These spaces capture
the limited information available for parameter estimation and provide the appropriate setting
for studying the identifiability and well-posedness of the inverse problems.

We demonstrate the approach by estimating h, �, and V in the operator defined in (1.5):

Rφ[u] := R(h,�,V )[u] = −∇ · (u∇[νh′(u) + � ∗ u + V ]) = f .

We start by estimating each parameter individually, the other two are known, in Sections 4.1
and 4.3. Finally, we address the joint estimation of all three parameters. Notably, we establish
that the inverse problems for estimating h and V are well-posed, while the estimation of �

is ill-posed due to the nonlocal nature of the interaction.
Throughout this section, we construct the parameter spaces using continuum data of

input-output pairs (ul , fl)Ll=1. In practice, discrete data approximates continuum data under
appropriate smoothness conditions, as specified in the following assumption.

Assumption 4.1 The data {(ul , fl)}Ll=1 satisfies fl = Rφ∗ [ul ], where φ∗ = (h∗,�∗, V∗), and
{ul}Ll=1 ⊂ X := C1

c (R
d), i.e., each ul has continuous derivatives and compact support.

Generalization to non-smooth data ul is possible in specific settings. For instance, in the
absence of the diffusion term (e.g., ν = 0), it suffices for each ul to be a continuous probability
density function supported on a compact subset of R

d for the results in Sections 4.2–4.3.
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4.1 Estimating the Diffusion Rate:Well-Posed

Consider first estimating the diffusion rate function h : R
+ → R when � and V are given.

We rewrite the equation Rφ[u] = f to isolate the unknown:

Rh[u] := −∇ ·[u∇(νh′(u))] = −∇ ·[νh′′(u)u∇u] = f +∇ ·(u∇[�∗u+V ]) := f̃ . (4.1)

Evidently, only h′′ is identifiable, since Rh depends on h solely through h′′. Accordingly, we
formulate the self-test loss directly in terms of h′′.

Using the same arguments in Sect. 2.2, one can verify that vh[u] = h′(u) is a self-testing
function, and the self-test loss function is

E1(h′′) =
L∑

l=1

〈Rh[ul ] − 2 f̃l , vh[ul ]〉 + C0 (4.2)

with C0 being an arbitrary constant. Here we used the notation E1 to indicate that this loss
function is for estimating h.

Given data {ul} with a compact support, we take the parameter space for h′′ to be L2
ρ1
,

where the measure ρ1 is defined through its density function

ρ̇1(r) =
L∑

l=1

∫

Rd
δ(ul(x) − r)|∇ul(x)|2ul(x)dx (4.3)

with δ(·) being the Dirac delta function. For any h′′ in this space, the quadratic term in the
loss function is well-defined since

L∑

l=1

〈Rh[ul ], vh[ul ]〉 =
L∑

l=1

∫

Rd
ul(x)|∇ul(x)|2h′′(ul(x))2 dx =

∫

R+
h′′(r)2ρ̇1(r)dr ,

where we used the fact that
∫

Rd
u(x)|∇u(x)|2h′′(u(x))2dx =

∫

R+
h′′(r)2

∫

Rd
u(x)|∇u(x)|2δ(u(x) − r) dxdr .

The next proposition presents the well-posedness of estimating h′′ in L2
ρ1
.

Proposition 2 Given data {(ul , fl)}Ll=1 satisfying Assumption 4.1, the self-test loss function
in (4.2) for estimating h′′ in Eq.(4.1) has a unique minimizer in L2

ρ1
with ρ1 defined in (4.3).

In particular, the inverse problem of estimating h′′ is well-posed.

We postpone its proof, along with the proofs of the remaining propositions in this sec-
tion, to Appendix A.2. Since this inverse problem is well-posed, regularization in practice
(e.g., Section 5.1) serves primarily to smooth the estimator or to filter errors from noise and
discretization.

4.2 Estimating the Kinetic Potential:Well-Posed

Similarly, we next estimate the potential V : R
d → R assuming that h and � are given.

Rewriting Rφ[u] = f to isolate V gives

RV [u] := −∇ · (u∇V ) = f + ∇ · (u∇[� ∗ u + νh′(u)]) =: f̃ . (4.4)
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Since RV depends only on ∇V , we can identify V only up to an additive constant. Accord-
ingly, we formulate the self-test loss directly in terms of∇V .With vV [u] = V as a self-testing
function, the self-test loss function is

E2(∇V ) =
L∑

l=1

〈RV [ul ] − 2 f̃l , V 〉 = ‖∇V ‖2L2
ρ2

− 2

〈
L∑

l=1

f̃l , V

〉
, (4.5)

where we got
∑L

l=1〈RV [ul ], V 〉 =∑L
l=1

∫
Rd ul(x)|∇V (x)|2 dx = ‖∇V ‖2

L2
ρ2
by integration

by parts, and the data-dependent measure ρ2 is defined by its density function

ρ̇2(x) =
L∑

l=1

ul(x). (4.6)

The next proposition shows that the inverse problem of estimating ∇V ∈ L2
ρ2

(Rd , R
d)

is well-posed (see its proof in Appendix A.2). For estimating V , the inverse problem is
well-posed in H0 := {g ∈ H1

ρ2
(Rd ; R); ∫

Rd gρ2 dx = 0} when the measure ρ2 satisfies the
Poincare inequality. Here, H1

ρ2
(Rd ; R) := {g ∈ L2

ρ2
: |∇g| ∈ L2

ρ2
}.

Proposition 3 Consider the problem of estimating ∇V or V in Eq.(4.4) from data
{(ul , f̃l)}Ll=1 satisfying Assumption 4.1. Let ρ2 be the measure defined in (4.6).

– For estimating ∇V , the self-test loss function in (4.5) is uniformly convex and has a
unique minimizer in L2

ρ2
(Rd , R

d). Consequently, the inverse problem is well-posed.
– For estimating V , assume that ρ2 satisfies the Poincare inequality, i.e.,

∫

Rd
|g|2ρ2 dx ≤ c

∫

Rd
|∇g|2ρ2 dx, ∀g ∈ H1

ρ2
with

∫

Rd
gρ2 dx = 0. (4.7)

Then the self-test loss function in (4.5), when viewed as a functional of V in the space
H0 := {g ∈ H1

ρ2
(Rd ; R); ∫

Rd gρ2 dx = 0} is uniformly convex and has a unique mini-

mizer V̂ satisfying

− ∇ · (ρ2(∇ V̂ )) =
L∑

l=1

f̃l . (4.8)

We remark that the assumption of ρ2 satisfying the Poincaré inequality in (4.7) is mild,
and it is equivalent to the spectral gap condition on ρ2 when ρ2 is a probability measure; see,
e.g., [1]. For instance, ρ2(x) = e−W (x) with W ∈ C2(Rd) and ∇2W (x) ≥ 1

c Id for all x , or
ρ2 is supported on a bounded connected domain, bounded above, and bounded below away
from 0. When ρ2 satisfies this assumption, the potential V can be uniquely recovered up to a
constant in H1

ρ2
since it is identifiable in H0. However, the minimizer is nonunique without

this assumption or beyond H1
ρ2
, as shown in the next one-dimensional example. Assume that

d = 1 and ρ2(x) = e−x . Then, if V is a solution to (4.8), so is V +ex since∇·(ρ2(∇ex )) = 0.

4.3 Estimating the Interaction Potential: Ill-Posed

The inverse problem of estimating � : R
d → R differs fundamentally from the previous

two, as it is ill-posed due to its deconvolution structure. Here, we estimate � in

R�[u] := −∇ · (u∇(� ∗ u)
) = f + ∇ · (u∇[V + νh′(u)]) =: f̃ , (4.9)
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where V and h′ are given. As R� depends on � only through ∇�, we can identify � only
up to an additive constant.

Denote F[u] = �∗ ∗u+V∗ −V + νh′∗(u)− νh′(u) and note that f̃ = −∇ · (u∇[F[u]]).
With a self-testing function v�[u] = � ∗ u, the self-test loss function of ∇� is

E3(∇�) = 1

2

L∑

l=1

〈R�[ul ] − 2 f̃l , � ∗ u〉

= 1

2

L∑

l=1

∫

Rd
ul
(|∇� ∗ u|2 − 2∇F[ul ] · ∇� ∗ ul

)
dx .

(4.10)

The independent variable of � is the pairwise difference of particle positions, while the
data u is the distribution of each particle. To quantify the exploration of the independent
variable of � by data, we define a measure ρ3 with a density function

ρ̇3(y) ∝
L∑

l=1

∫
ul(x)ul(x − y)dx . (4.11)

It extends the exploration measure defined in [23, 24] for radial interacting potentials.
Let LG : L2

ρ3
→ L2

ρ3
be an integral operator defined by

LG∇�(y) =
∫

G(y, y′)∇�(y′)ρ3(dy′) with G(y, y′) = G(y, y′)
ρ̇3(y)ρ̇3(y′)

1ρ̇3(y)ρ̇3(y′)>0,

G(y, y′) =
L∑

l=1

∫
ul(x)ul(x − y)ul(x − y′)dx .

(4.12)
Here G(y, y′) is square integrable by Assumption 4.1; see [24].

The next proposition shows that we can only identify ∇� ∈ Null(LG)⊥ ⊂ L2
ρ3
, and the

inverse problem of estimating ∇� is ill-posed.

Proposition 4 Consider the problem of estimating ∇� in Eq.(4.9) from data {(ul , fl)}Ll=1
satisfying Assumption 4.1. Let ρ3 be the measure defined in (4.11). The Hessian of the
quadratic self-test loss function in (4.10) is the compact operator LG on L2

ρ3
(Rd , R

d) defined
in (4.12). Consequently, the inverse problem of finding its minimizer in (7.3) is ill-posed.

A regularization is necessary to obtain a stable solution for this ill-posed inverse problem
of estimating ∇�. In particular, when Null(LG) �= {0}, it is crucial to regularize only on
Null(LG)⊥ in order to prevent the estimator from being contaminated by components in
Null(LG). Data-adaptive RKHS regularization or priors, as proposed in [5, 26], employ the
RKHS with reproducing kernel G and yield convergent estimators.

The ill-posedness in estimating∇� stems from the deconvolution structure of the problem.
Consequently, even if additional properties are imposed on�, such as radial or symmetry, the
inverse problem remains ill-posed. However, when the data ul are contaminated by additive
spatial noise, the operator LG in (4.12) can become strictly positive definite, which in turn
yields a well-posed inverse problem; see Section 5.2 for a numerical illustration.

4.4 Joint Estimation

Using the parameter spaces and operators in the previous sections, the joint estimation for
(h′′,∇V ,∇�) takes place in the product space L2

ρ1
(R+)⊗ L2

ρ2
(Rd)⊗ L2

ρ3
(Rd). Meanwhile,
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the self-test loss function can be written as

E(h′′,∇V ,∇�) :=
L∑

l=1

∫

Rd

[
ul |∇[νh′(ul) + � ∗ ul + V )]|2

− 2 fl [νh′(ul) + � ∗ ul + V ]]dx dt .

(4.13)

The next proposition shows the ill-posedness of estimating (h′′,∇V ,∇�).

Proposition 5 (Joint estimation) Consider the problem of jointly estimating h′′,∇V ,∇� in
Eq.(1.5) from data {(ul , fl)}Ll=1 satisfying Assumption 4.1. Let ρ1, ρ2, ρ3 be the measures
defined in (4.3),(4.6) and (4.11), respectively. Then, the self-test loss function in (4.13) is not
uniformly convex, and itsHessian (second variation) has a zero eigenvaluewith eigenfunction
φ = (0, c,−c) for any nonzero c ∈ R

d . In particular, the joint estimation problem of finding
the minimizer of the loss function is ill-posed.

We remark that the zero eigenvalue of the loss function’s Hessian roots in the fact that
different pairs (�, V ) and (� + c · x, V − c · x) produce the same value of the loss function,
which has been noticed in [47]. To eliminate this degeneracy, we enforce symmetry on �,
so that vectors of the form (0, c,−c)T no longer lie in the admissible function space for �.
In practice, this constraint can be implemented either by restricting to radial potentials (see
Section 5.2) or by parametrizing � via �(x) = �̃(x) + �̃(−x), where �̃ is a learnable
function (e.g., a neural network as in Section 5.3).

5 Applications to Parametric and Nonparametric Estimations

We demonstrate applications of the self-test loss function in estimating the function param-
eters in the weak form operator R(h,�,V )[u] = −∇ · (u∇[νh′(u) + � ∗ u + V ]) in (1.5)
and its gradient flow. We consider parameter estimation for h in Section 5.1, nonparametric
estimation for radial � in Section 5.2, and neural network regression for joint estimation of
� and V in Section 5.3.

5.1 Parametric Estimation of the Diffusion Rate Function

Consider first a parametric estimation of h in the equation

Rh[u] := −∇ · (u[∇h′(u)] = −∇ · [uh′′(u)∇u] = f , (5.1)

from data {(ul(xi ), fl(xi ))}N ,L
i=1,l=1, where xi ∈ [0, 1] is a uniformmesh and ul ∈ H1

0 ((0, 1)).
Here, the diffusion rate function h is a power function in (2.5) with a parametric form

hc(s) = c2s
2 + c3

1

2
s3 + c4

1

3
s4 =

nc∑

k=1

ckek(s), (5.2)

where ek(s) = 1
k−1 s

k for k > 1, and nc = 3. Thus, the task is to estimate the parameters
c = (c2, c3, c4). Here we don’t include the term e1(s) = s log s because its second derivative
e′′
1(s) = 1/s is singular at s = 0. Such a singularity leads to a singular function e′′

1(ul(x))
when ul(x) approaches zero at the boundaries, requiring additional numerical treatments
when computing the loss function of h′′ and the normal matrix for regression.
Synthetic Data generation. We generate data by adding noise to the values of analytically
computed functions on the spatial mesh. Let the mesh points be xi = { j

N , 1 ≤ j ≤ N }.
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We obtain noisy data {ul(xi )} by adding independent Gaussian noises N (0, σ 2/N ) to the
values of ul(x) = sin(πlx) on the mesh for l ∈ {1, 2, 3}. Note that these functions are in
H1
0 ((0, 1)).
The data { fl(xi )} are noisy observations of Rhc∗ [ul ](x) at the meshes:

fl(xi ) = −Rhc∗ [ul ](xi ) + εl,i = −
nc∑

k=2

ck∇ · [ule′′
k (ul)∇ul ](xi ) + εl,i

with parameter c∗ = (c2, c3, c4) = (1, 1.2, 0.5) and {εl,i } being i.i.d.N (0, σ 2/N ). Here we
compute each∇·[ule′′

k (ul)∇ul ] analytically since ek andul are polynomials and trigonometric
functions.
Regression from the self-test loss function. As studied in Section 4.1, the self-test loss
function in (4.2) with Riemann sum approximation is

E(c) = 1

NL

L∑

l=1

N∑

i=1

[
h′′
c (ul(xi ))

2ul(xi )|∇ui (xi )|2 − 2 fl(xi )h
′
c(ul(xi ))

]

= c�Ac − 2c�b,

where the normal matrix A = (Ak,m) and normal vector b defined by

Ak,m = 1

NL

L∑

l=1

N∑

i=1

ul(xi )|∇ul(xi )|2e′′
k (ul(xi ))e

′′
m(ul(xi )), 1 ≤ k,m ≤ nc

bk = 1

NL

L∑

l=1

N∑

i=1

fl(xi )e
′
k(ul(xi )), 1 ≤ k ≤ nc.

The estimator is then solved by least squares regression,

ĥ(s) =
nc∑

k=1

ĉkek(s), ĉ = A−1b.

We compare ĥ(s) (denoted by “stLoss-estimator”) with an estimator using the strong-
form equation (denoted by “Strong-estimator”). The strong form estimator has coefficient
ĉs = (As)−1bs , where the normal matrix As and normal vector bs have entries

As
k,m = 1

NL

L∑

l=1

N∑

i=1

∇ · [ule′′
k (ul)∇ul ](xi )∇ · [ule′′

m(ul)∇ul ](xi ),

bsk = 1

NL

L∑

l=1

N∑

i=1

fl(xi )∇ · [ule′′
k (ul)∇ul ](xi ).

Thus, the strong form estimator uses the second-order derivatives of u, while the weak form
estimator uses only the first-order derivatives.

In the computation of both estimators, the derivatives are approximated by finite difference
using the Savitzky-Golay filter with polynomial degree 3 and window size 11 (see, e.g.,
[38]). The difference between the two is that the Strong-estimator requires an additional
finite difference approximation for the divergence term, whereas the stLoss-estimator uses
the Riemann sum to approximate the integration.

Figure 1 shows that the stLoss-estimator significantly outperforms the Strong-estimator
in typical simulations (Left) and in the convergence of relative L2

ρ1
error (‖h′′∗ − ĥ′′‖2

L2
ρ1
)
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Fig. 1 Estimators from self-test loss function (“stLoss”) vs estimators from strong-form equation (“Strong”).
Left: estimators in a typical set of 100 simulations with N = 400 and σ = 0.1.Middle-Right: Relative L2ρ1
errors vs N and σ

as mesh size N increases or as the noise level σ vanishes (Middle-Right). Note that as N
increases, the strong-estimator does not converge due to the noise being amplified by the
additional finite difference approximation (recall that the noise decays at the rate O( 1√

N
)

while the 
x in finite difference has an order of O( 1
N )).

Here, for each parameter set of (N , σ ), the percentiles are computed from100 independent
simulations with randomly generated noise; the empirical measure ρ1 in (4.3) is computed
from data by Riemann sum approximation of the integral and finite difference approximation
of the derivatives. In the typical simulation (Left), the condition numbers of the normalmatrix
A are in the range [30, 40], indicating the well-posedness of the inverse problem.

In summary, the example shows that the estimator using our self-test loss function based
on the weak-form equation can tolerate a rougher spatial mesh and larger-scale noise in the
data than a strong-form-based estimator.

Application to weak SINDy. We apply our self-test loss function within the weak SINDy
framework of [31] to estimate the sparse parametric diffusion rate h in (5.2) from data.
Specifically, we compare our self-testing functions with random Gaussian test functions
{ψm}Mm=1 designed following the strategy in [31], namely, tailoring them to the noise level and
spectral properties of the data. This design keeps the test set computationally feasible while
avoiding the curse of dimensionality that affects more structured families. The Gaussian
test functions have centers sampled uniformly in [0, 1]d (with d = 2) and bandwidths
η ∈ {0.025, 0.1, 0.4}.

We assume the true coefficient for hc(s) is given by

c = (c1, c2, c3, c4, c5) = (1, 0, 2, 0, 0).

The data is generated on the discrete mesh, and for d ≥ 1, we consider the data to be the
tensor product ul(x) = sin(πlx1) · · · sin(πlxd) evaluated over a discretemeshwith N = 100
grids in each dimension, where x = (x1, . . . , xd) ∈ R

d and 1 ≤ l ≤ L with L = 2. The data
ul and fl at each mesh point are polluted with additive Gaussian noise of variance σ = 0.05.
Since the true parameter is known to be sparse, we use the modified sequential-thresholding
least-squares (MSTLS) as introduced in [31] to promote sparsity in the estimation.

We report the estimation error as a function of M over 10 independent simulations in
Figure 2. In the self-test setting, we always use L = 2 test functions, so the corresponding
error is independent of M . As M increases, the error obtained with random Gaussian test
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Fig. 2 Comparison between self-testing functions and random Gaussian test functions in the weak SINDy
framework. The boxplots show the distribution of estimation errors over 10 independent simulations using
M random Gaussian test functions, with bandwidths η ∈ {0.025, 0.1, 0.4}. The red dashed lines indicate the
error obtained using L = 2 self-testing functions, which do not depend on M . As M increases, the error for
Gaussian test functions decreases, and the best performance occurs when η = 0.1, close to the noise level
σ = 0.05, at which point the errors approach those of the self-test formulation. Even in this near-optimal
setting, self-testing functions yield consistently lower errors than the random Gaussian tests

functions decreases. The best performance occurs when the Gaussian bandwidth η = 0.1
is close to the noise level σ = 0.05, in which case the errors approach those achieved by
the self-testing functions. Even in this near-optimal regime, the self-testing functions still
outperform the random Gaussian test functions. This example highlights the advantage of
the proposed self-test framework.

Separately, additional experiments (not shown) suggest that self-testing functions yield an
estimation error on the order of the noise level. In contrast, with sufficiently large M , random
Gaussian test functions can produce errors below the noise level. This indicates that, with an
appropriate choice of bandwidth η, the random Gaussian test functions may effectively filter
out the noise.

5.2 Non-Parametric Estimation of Interaction Kernel

Next, we consider estimating an interaction kernel, the derivative of a radial interaction poten-
tial, in the aggregation operator.Wewill compare strong-form andweak-form estimatorswith
respect to their tolerance to observation noise.

Specifically, consider the estimation of the functionφ : [0, 2] → R, which is the derivative
of the radial interaction potential � with ∇�(x) = φ(|x |) x

|x | , in the aggregation operator

Rφ[u] = −∇(u∇� ∗ u) = f ,

from data consisting of noisy input-output function pairs at discrete meshes in 1D:

{(uok(x j ) := uk(x j ) + εuk j , f ok (x j ) = fk(x j ) + ε
f
k j )}nx ,nkj=1,k=1, (5.3)

where εuk j , ε
f
k j ∼ N (0, σ 2). Here, the spatial meshes {x j } are uniform on � = (0, 10)

satisfying x j − x j−1 = 
x = 0.01 for all j , and the noises {εuk j , ε f
k j }nk ,nxk, j=1 are independent

and identically distributed Gaussian N (0, σ 2) random variables with standard deviation σ .
The functions {uk} are uk(x) = sin(π(x − (2k + 1)))1{|x−(2k+1)|<1.5} for 1 ≤ k ≤ nk = 3.
They are in C1

c (�), so we can use integration by parts in the weak form and compute fk(x j )
using the strong form operator, i.e., we compute the analytical form of the integrand in the
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following integral,

fk(x) = −
∫ 2

0
φ∗(|y|)sign(y)∂x [uk(x − y)uk(x)]dy,

where the integral is computed using the adaptive Gauss-Kronrod quadrature [39]. In our
tests, we set φ∗(r) = r21[0,1](r). Figure 3(a) shows the data pairs.

The above equation is the mean-field equation (2.6) with V = 0 if f = ∂t u − ν
u. In
this case, the nonparametric estimation of φ has been studied in [23, 24]. Here, we focus on
the aggregation operator without the diffusion term.

In the following,we derive the least squares regression ofφ using the self-test loss function.
We first write the self-test loss function in the continuum, then approximate it by the discrete
data and write the least squares estimator of φ.
The self-test loss function in continuum. Using the self-testing function vφ[uk] = � ∗ uk
for each input-output pair (uk, fk), and applying integration by parts, we obtain the self-test
loss function

ED(φ) =
nk∑

k=1

∫

R

uk |∇� ∗ uk |2dx − 2
∫

R

fk(x)� ∗ uk(x)dx .

Denote Ff ,u(r) := −∑nk
k=1

∫ 10
0 Fk(x)uk(x)[uk(x − r) − uk(x + r)] dx with Fk(x) :=∫ x

0 fk(y)dy. We can write the loss function as (see Appendix 7.3 for a derivation)

ED(φ) =
∫ ∫

φ(r)φ(s)G(r , s)ρ̇(r)ρ̇(s)drds −2
∫ 2

0
φ(r)Ff ,u(r)dr , (5.4)

where the density of the exploration measure ρ̇ is defined as

ρ̇(r) := 1

Z

nk∑

k=1

∫

R

√
uk(x)|δuk(x, r)| dx with δuk(x, r) := uk(x − r) − uk(x + r) (5.5)

with Z being a normalizing constant. Here, the integral kernel G is defined by

G(r , s) := G(r , s)

ρ̇(r)ρ̇(s)
1{ρ̇(r)ρ̇(s)>0} with G(r , s) :=

nr∑

k=1

∫

R

uk(x)δuk(x, r)δuk(x, s)dx .

(5.6)
These integrals are well-defined since {uk(x)} are uniformly bounded with compact support.
Least squares regression from empirical loss function. Given the discrete data in (5.3) on
the mesh {x j }, we can obtain a uniform mesh {rl = l
x}nrl=1 on [0, 2] for the independent
variable of φ. Representing φ by a linear combination of piecewise constant functionsφ(r) =∑nr

l=1 cl1[rl ,rl+1](r), our task is to estimate the coefficient vector c = (c1, . . . , cnr )
� ∈ R

nr×1.
Approximating the loss function in (5.4) by Riemann sum using the noisy data and the above
piecewise constant φ, we obtain an empirical loss function that is quadratic in c:

ÊD(c) = c�Ac − 2c�b + C,

where A ∈ R
nr×nr and b ∈ R

nr×1 are the normal matrix and vectors and C is a constant
term independent of c. The entries of A and b are

A(l, l ′) = G(l, l ′) ≈
∫ ∫

1[rl ,rl+1](r)1[rl′ ,rl′+1](s)G(r , s)drds

b(l) = −g�̃f
r
x ≈
∫

1[rl ,rl+1](r)Ff ,u(r)dr ,
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Fig. 3 Estimators using weak (“Weak-form”) vs strong-form (“Strong-form”) equation. (a): Dataset
{(uk , fk )}3k=1. (b): Estimators (in percentiles) in a typical set of 100 simulations with noise level σ = 0.0078.

(c) Relative L2 errors v.s. noise level σ . Weak-form estimators are more robust to large noise than those based
on the strong-form

wherewe denoteG = g�g
x(
r)2 ∈ R
nr×nr with g = (√|uok(x j )|δuok(x j , rl)

) ∈ R
nknx×nr

and f̃ = (∑ j
i=1 f ok (xi )uok(x j )
x

)nk ,nx
k, j=1 ∈ R

nknx×1.
The estimator is then solved with Tikhonov regularization:

φ̂(r) =
nr∑

l=1

ĉl1[rl ,rl+1](r), (̂c1, . . . , ĉnr )
� := ĉλ∗ = (A + λ∗I

)−1b

with the hyperparameter λ∗ > 0 selected by the L-curve method [16]. Due to the additive
noise in uok , the smallest eigenvalue of the normal matrix A is bounded below by a constant
that scales with σ 2. Thus, the noise prevents A from being severely ill-conditioned, and the
regularization mainly acts as a filter of the noise. Here we regularize using norm ‖c‖2

Rnr =
c�Ic, and we leave it in future work to investigate other norms, such as the L2

ρ-norm or the
data-adaptive RKHS norm of φ in [26].

Also, we compute the exploration measure as ρ = (ρ̇(r1), . . . , ρ̇(rnr )) ∈ R
nr×1 with

ρ̇(rl) = 1
Z

∑nk
k=1

∑nx
i=1

√|uok(xi )||δuok(xi , rl)|
x . The L2
ρ norm of φ is then given by

‖φ‖2
L2

ρ
=∑nr

l=1 c
2
l ρ̇(rl).

Numerical results.We compare the estimators using the weak-form and strong-form equa-
tions. The strong-form estimator uses the Savitzky-Golay filter to compute derivatives. We
compute the estimators from data with noise levels σ = {2− j , j = 5, . . . , 10}. We make 100
independent simulations for each noise level, each with randomly sampled noise.

Figure 3 (b)-(c) reports the estimators and relative errors using the median, the 10th and
90th percentiles. In particular, (b) shows that the weak-form estimator is more accurate than
the strong-form estimator when the noise level is σ = 2−7 ≈ 0.0078. (c) shows that when the
noise level is small, the strong-form estimator is as accurate as the weak-form, indicating the
effectiveness of the Savitzky-Golay filter. Still, when the noise level is high, the strong-form
estimator has larger errors than the weak-form estimator, due to the need to approximate
derivatives using finite differences.

In summary, the weak-form estimator outperforms the strong-form estimator in terms of
robustness to high levels of noise.
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5.3 Neural Network Regression for Joint Estimation

This section considers the joint estimation of the interaction potential � and the potential
V of the deterministic interacting particle system in Example 3 from sequential ensembles
of unlabeled data. We use the self-test loss function in (2.12) for the weak form PDE of the
empirical measures, as derived in Section 2.4.
Numerical settings. In our test, we set M = 10, N = 30, d = 2, and tl = l
t with

t = 0.01 and L = 20. The particle system is solved using the fourth-order Runge-Kutta
method. The true interaction and external force potentials are given by

�∗(x) = cos(2x21 ) + cos(x2), V ∗(x) = exp

(
− 3

10

(
sin(2x1)

2 + arctan(x2)
))

. (5.7)

In the data in (1.11), the initial conditions (Xi,(m)
t1 , 1 ≤ i ≤ N ) ∈ R

Nd are randomly
sampled, with half of the samples drawn from the uniform distribution over [−2, 2]Nd and
the other half drawn from a Gaussian mixture, so that the data are spread over a region. Here
d = 2 and the Gaussianmixture is the product measure of the distribution 0.6×N (μ1, �1)+
0.4×N (μ2, �2) on R

2, where μ1 are sampled from a uniform distribution on [0, 2.5]2 and
μ2 are sampled from a uniform distribution on [−2.5, 0]2. The covariance matrices are fixed

to be �1 =
(
0.2 0
0 0.4

)
and �2 =

(
1 0.5
0.5 1

)
. In this setting, the distribution of the particles

is concentrated in the first and third quadrants, as shown in Figure 4f.
Regression via neural network approximation. We use neural networks to approxi-
mate both the interaction and external force potentials. To approximate the interaction
and external force potentials, we use two four-layer fully connected neural networks with
sigmoid and ReLU activation functions. In particular, we enforce symmetry by setting
�(x) = �̃(x) + �̃(−x), where �̃ is the neural network approximation. This constraint
resolves the identifiability issue in Proposition 5 and in [47], where different pairs (�, V )

and (� + c · x, V − c · x) produce the same value of the loss function, since � + c · x is only
symmetric when c = 0 if � is symmetric.

Optimization is performed using the Nesterov-accelerated Adaptive Moment Estimation
NAdammethod, which combines Adam’s adaptive learning rates with Nesterov’s lookahead
mechanism to improve convergence and optimization efficiency [8], with a learning rate
adjustment ReduceLROnPlateau, which reduces the learning rate when a monitored
metric stops improving, helping to fine-tune optimization and avoid overfitting.

The training process is presented in Figure 5. The initial step size is set to be η = 0.05, and
it is reduced to 0.1η whenever the loss stops reducing. The final minimized loss is -0.001309.
Note that our self-test loss (2.1) is the quadratic (2.3) minus a constant, where the constant is
related to the true functions. The true constant in this example is 0.001377, which suggests
that the quadratic loss has been minimized to 6.69 × 10−5.

Figure 4 presents the learned potentials. Figures 4a and 4d show the true and estimated
interaction and force potentials, and the differences of their gradients are presented in Figures
4b and 4e . The estimators are accurate over the regions where data is concentrated, i.e., the
large valued regions of the exploration measures, ρ2 as in (4.6) for V and ρ3 as in (4.11)
for �, as shown in Figures 4c and 4f , respectively. These empirical measures are relatively
rough since they are estimated from about MNL = 4000 and MN 2L = 80000 data samples
for ρ2 and ρ3, respectively. The final estimation error is ‖∇� − ∇�∗‖L2

ρ2
= 0.5855 and

‖∇V − ∇V ∗‖L2
ρ2

= 0.1746.
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Fig. 4 Estimation result of the interaction and the force potential. The estimation results are accurate over the
region where ρ2 and ρ3 are concentrated
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Fig. 5 Training process. We utilized the NAdam optimizer and adjusted the learning rate when the loss
plateaued. The initial oscillation is attributed to the reduction in the learning rate. Toward the end, the loss
decreases more gradually because the learning rate is significantly lower than at the beginning. The final
optimized loss value is -0.001309, corresponding to a normalized quadratic loss of 6.69 × 10−5

To summarize, we overcome the challenge of unlabeled ensemble data without trajectory
information by constructing a self-test loss function based on the weak-form equation of the
empirical distributions. This self-test loss function is suitable for ensemble unlabeled data
and neural network regression.

6 Conclusion

Discrete, noisy data pose substantial challenges for learning differential operators in PDEs
and gradient flow systems. A standard approach is to construct loss functions based on
weak-form equations, which avoids the large errors inherent in approximating high-order
derivatives. However, this introduces the challenge of selecting suitable test functions.
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This paper introduced a novel framework for constructing loss functions, called self-
test loss functions. This method is designed for weak-form operators in PDEs and gradient
flow systems. It applies to operators that depend linearly on the (function-valued) parameter
to be estimated. By leveraging parameter—and data-dependent test functions, our approach
automates the construction of loss functions and addresses the issue of test function selection.

The self-test loss function exhibits appealing theoretical and computational properties.
It conserves energy in gradient flows and aligns with the expected log-likelihood ratio in
stochastic differential equations. Furthermore, its quadratic structure enables a comprehen-
sive analysis of the identifiability andwell-posedness of the inverse problem.We demonstrate
this by estimating the diffusion rate function, interaction potential, and kinetic potential
in the aggregation-diffusion equation. Importantly, the self-test loss function supports the
development of efficient parametric and nonparametric regression algorithms. Numerical
experiments demonstrate that its minimizer is robust to noisy and discrete data, highlighting
its practical utility and potential for broader applications.

7 Proofs and Derivations

7.1 Proofs for Section 3

Proof of Theorem 3.2 Part (a). Since φ∗ is the true parameter, it satisfies the weak form of
gradient flow ∂t u = −Au

δEφ∗
δu . Applying a test function δEφ

δu for any φ such that Eφ[u] < ∞,
we obtain

dEφ[u]
dt

=
〈
∂t u,

δEφ

δu

〉
= −

〈
Au

δEφ∗
δu

,
δEφ

δu

〉
, ∀t ∈ [0, T ].

Integrating in time, we obtain

Eφ(u(T , ·)) − Eφ(u(0, ·)) =
∫ T

0

dEφ[u]
dt

dt = −
∫ T

0

〈
Au

δEφ∗
δu

,
δEφ

δu

〉
dt .

Then, using the linearity of δEφ

δu in φ due to Assumption 3.1, we write Eu[0,T ](φ) in (3.4) as

Eu[0,T ](φ) = −2
∫ T

0

〈
Au

δEφ∗
δu

,
δEφ

δu

〉
dt +

∫ T

0

〈
Au

δEφ

δu
,
δEφ

δu

〉
dt

=
∫ T

0

〈
Au

δEφ−φ∗
δu

,
δEφ−φ∗

δu

〉
dt −

∫ T

0

〈
Au

δEφ∗
δu

,
δEφ∗
δu

〉
dt . (7.1)

From 〈Auξ, ξ 〉 ≥ 0 in (3.3), the first term is non-negative. Thus, we know that

Eu[0,T ](φ) ≥ Eu[0,T ](φ∗) = −
∫ T

0

〈
Au

δEφ∗
δu

,
δEφ∗
δu

〉
dt

and φ∗ is a minimizer of Eu[0,T ](φ).
Part (b). It follows from (7.1) that φ∗ is the unique minimizer in H if (3.5) holds.
Part (c). Since φ0 is a minimizer of Eu[0,T ](φ) and Eφ is linear in φ, we have, for any ψ ,

0 = d

dε
Eu[0,T ](φ0 + εψ) = lim

ε→0

Eu[0,T ](φ0 + εψ) − Eu[0,T ](φ0)

ε

= 2[Eψ(u(T , ·)) − Eψ(u(0, ·))] + 2
∫ T

0
〈Au

δEφ0

δu
,
δEψ

δu
〉 dt .
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Taking ψ = φ0, we obtain (3.6). ��

Proof of Theorem 3.3 The Fokker-Planck equation of the Mckean-Vlasov SDE is (2.6). The
self-test loss function for estimating (V ,�) using its weak form is given in (2.9), which reads

Eu[0,T ](�, V ) := 1

T

∫ T

0

∫

Rd

[
u|∇� ∗ u + ∇V |2 − 2(∂t u − ν
u)(� ∗ u + V )

]
dx dt .

On the other hand, by Girsanov Theorem (see e.g., [34]), the negative log-likelihood ratio
for X [0,T ] is

EX [0,T ](φ) = − ln
dPφ

dP0
= 1

2ν

∫ T

0

(∣∣[∇� ∗ u + ∇V ](Xt )
∣∣2dt − 2

〈[∇� ∗ u + ∇V ](Xt ), dXt
〉)

,

where Pφ and P0 are the distributions of the path under the SDEwith parameters φ = (V ,�)

and V = � = 0, respectively. Taking expectation and using the fact that Xt ∼ u(·, t),

E
[EX [0,T ](φ)

] = 1

2ν

∫ T

0

∫

Rd

[∣∣∇� ∗ u + ∇V
∣∣2u dx − 2E

[〈[∇� ∗ u + ∇V ](Xt ), dXt
〉]
dt .

To compute the above expectation, using dXt from the SDE with the fact that the martingale
term has expectation 0 and applying integration by parts, we have

E[〈[∇� ∗ u + ∇V ](Xt ), dXt
〉] = E[〈∇[� ∗ u + V ](Xt ),−∇[V∗ + �∗ ∗ u](Xt )]

〉]
=
∫

Rd

〈∇[� ∗ u + V ],−u∇[V∗ + �∗ ∗ u]〉dx

=
∫

Rd
(� ∗ u + V )∇ · [u∇(V∗ + �∗ ∗ u)

]
dx =

∫

Rd
(� ∗ u + V )(∂t u − ν
u)

]
dx,

where the last equation follows from the Fokker-Planck equation (2.6) with parameters
(V∗,�∗). Combining the above two equations, we have Eu[0,T ](�, V ) = EX [0,T ](φ). ��

7.2 Proofs for Section 4

Proof of Proposition 2 Recall that in (4.1), f̃ = −∇·[u∇[νh′∗(u)+(�∗−�)∗u+V∗−V ]] =:
−∇ · [u∇F[u]], where we set F[u] = νh′∗(u) + (�∗ − �) ∗ u + V∗ − V . Then,

〈 f̃ , vh[u]〉 = 〈−∇ · [u∇F[u]], h′(u)〉 =
∫

Rd
u(x)∇F[u](x) · ∇u(x)h′′(u(x)) dx

≤ (
∫

Rd
u(x)|∇F[u](x)|2|dx)1/2(

∫

Rd
u(x)|∇u(x)|2h′′(u(x))2 dx

)1/2
< +∞.

Thus, the Riesz representation theorem gives a data-dependent hD ∈ L2
ρ1

with ρ1 defined in
(4.3) such that

L∑

l=1

〈 f̃l , vh[ul ]〉 =
L∑

l=1

〈−∇ · [ul∇F[ul ]], h′(ul)〉

=
L∑

l=1

∫

Rd
ul∇F[ul ] · ∇ulh

′′(ul(x)) dx =: 〈hD, h′′〉L2
ρ1

.
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Then, we can write the self-test loss function as

E1(h′′) =
L∑

l=1

〈Rh[ul ] − 2 f̃l , vh[ul ]〉 + C0

= ‖h′′‖2L2
ρ1

− 2〈h′′, hD 〉L2
ρ1

+ C0.

The Fréchet derivative of E1 in terms of the variable h′′ is Dh′′E1(h′′) = 2h′′ − 2hD . Thus,
the minimizer of E1 is unique and

ĥ′′ = argmin
h′′∈L2

ρ1

E1(h′′) = I−1hD

with I being the identity operator on L2
ρ1
. Thus, this inverse problem is well-posed. ��

Proof of Proposition 3 First, recall that in (4.4), f̃ = −∇ ·[u∇[νh′∗(u)−νh′(u)+(�∗ −�)∗
u + V∗]

] := −∇ · [u∇F[u]], where we set F[u] = νh′∗(u) − νh′∗(u) + (�∗ − �) ∗ u + V∗.
Thus, the linear term in the loss function is

L∑

l=1

〈 f̃l , vV [ul ]〉 =
L∑

l=1

〈−∇ · [ul∇F[ul ]], V 〉 =
L∑

l=1

〈ul∇F[ul ] · ∇V 〉 =: 〈−→VD,∇V 〉L2
ρ2

,

where
−→
VD ∈ L2

ρ2
(Rd ; R

d) with ρ2 defined in (4.6) by the Riesz representation theorem. In

particular, we have
−→
VD = ∇F[ul ] when F[ul ] is independent of l (e.g., when L = 1). Then,

we can write the self-test loss function as

E2(∇V ) =
L∑

l=1

〈RV [ul ] − 2 f̃l , V 〉

= ‖∇V ‖2L2
ρ2

− 2〈∇V ,
−→
VD〉L2

ρ2
+ C0.

Regarding E2(∇V ) as a functional of v = ∇V ∈ L2
ρ2

(Rd ; R
d), we define E2(v) = ‖v‖2

L2
ρ2

−
2〈v,−→VD〉L2

ρ2
+C0. The Fréchet derivative of E2 over L2

ρ2
(Rd ; R

d) is DvE2(v) = 2(v−−→
VD).

Thus, the minimizer of E2, denoted as ∇̂V , is unique and satisfies

∇̂V = argmin
∇V∈L2

ρ2
(Rd ;Rd )

E2(∇V ) = I−1−→VD ,

where I is the identity operator in L2
ρ2

(Rd ; R
d), and the inverse problem is well-posed.

To identify V , we regard the self-test loss function as a functional from H0 to R:

Ẽ2(V ) := E2(∇V ) = ‖∇V ‖2L2
ρ2

− 2

〈
L∑

l=1

f̃l , V

〉

L2

+ C0.

Using Poincare inequality (4.7), we have
∫
Rd |V |2ρ2 dx ≤ c

∫
Rd |∇V |2ρ2 dx , where c > 0

is the Poincare constant. This implies ‖V ‖2H0
:= ‖V ‖2

H1
ρ2

≤ (1 + c)‖∇V ‖2
L2

ρ2
. Combining

this with Hölder’s inequality for
∣∣∣∣∣∣∣

〈
L∑

l=1

f̃l , V

〉

L2
ρ2

∣∣∣∣∣∣∣
= |〈∇V ,

−→
VD 〉L2

ρ2
| ≤ 1

4(1 + c)
‖∇V ‖2L2

ρ2
+ 4(1 + c)‖ �VD‖2L2

ρ2
,
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so we have

Ẽ2(V ) ≥ 1

2(1 + c)
‖V ‖2H1

ρ2
+ C0 − 8(1 + c)‖ �VD‖2L2

ρ2
.

Hence, the functional Ẽ2(V ) is uniformly convex on H0, and it has a unique minimizer in
H0.

If V̂ minimizes Ẽ2(V ), the first variation (Gateaux derivative) of Ẽ2(V ) is

d

dε

∣∣∣
ε=0

∫
|∇(V̂ + εṼ )|2ρ2 − 2(V̂ + εṼ )

L∑

l=1

f̃l dx = 2
∫ (

∇ V̂∇ Ṽρ2 −
L∑

l=1

f̃l Ṽ

)
dx = 0

for any Ṽ ∈ H0. Hence, the minimizer V̂ satisfies (4.8). ��

Proof of Proposition 4 First, write the quadratic term in the loss function (4.10) as

L∑

l=1

∫

Rd
ul (x)|∇� ∗ ul (x)|2dx

=
L∑

l=1

∫
ul (x)

∫
∇�(y)ul (x − y)dy ·

∫
∇�(y′)ul (x − y′)dy′dx

=
∫ ∫

〈∇�(y), ∇�(y′)〉
Rd

⎡

⎣
L∑

l=1

∫
ul (x)ul (x − y)ul (x − y′)dx

⎤

⎦ dydy′ = 〈∇�, LG∇�〉L2
ρ3

,

with LG defined in (4.12) and ρ3 defined in (4.11).

Second, the Riesz representation theorem gives a vector-valued function
−→
�D : R

d → R
d

such that the linear term in the loss function can be written as

L∑

l=1

∫

Rd
ul(x)∇F[ul ](x) · ∇� ∗ ul(x)dx = 〈−→�D ,∇�〉L2

ρ3
.

Then, we can write the loss function in (4.10) as

E3(∇�) = 〈∇�, LG∇�〉L2
ρ3

− 2〈−→�D ,∇�〉L2
ρ3

+ C0. (7.2)

Regarding E3 as a functional in terms of ∇�, the Fréchet derivative of E3 is D∇�E3(∇�) =
2LG∇� − 2

−→
�D . Thus, the minimizer of E3 is unique in Null(LG)⊥ and

∇̂� = argmin
∇�∈Null(LG )⊥⊂L2

ρ3

E3(∇�) = L−1
G

−→
�D , (7.3)

where L−1
G

is the pseudo-inverse of the operator LG . Since the operator LG is compact, so
Null(LG) �= {0} and the above inverse problem is ill-posed. ��
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Proof of Proposition 5 We solve for the estimators by setting the Fréchet derivatives of the
loss function to zero. We write the loss function in (4.13) as

E(h′′,∇V ,∇�) = ‖h′′‖2L2
ρ1

+ ‖∇V ‖2L2
ρ2

+ 〈∇�, LG∇�〉L2
ρ3

+ 2
L∑

l=1

∫

Rd
ulνh

′′(ul)∇u · (∇V + ∇� ∗ u)dx

+ 2
L∑

l=1

∫

Rd
ul∇V · ∇� ∗ uldx

− 2
L∑

l=1

∫

Rd
ul∇vφ∗ [ul ] · ∇[νh′(ul) + � ∗ ul + V ]dx .

Recall ρ1, ρ2, ρ3 defined in (4.3),(4.6) and (4.11), respectively. We have that

〈Dh′′E(h′′,∇V ,∇�), g1〉L2
ρ1

= 〈2(h′′ + MhV∇V + Mh�∇� − hD, g1〉L2
ρ1

,

〈D∇V E(h′′,∇V ,∇�), �g2〉L2
ρ2

= 〈2(MVhh
′′ + ∇V + MV�∇� − −→

VD, �g2〉L2
ρ2

,

〈D∇�E(h′′,∇V ,∇�), �g3〉L2
ρ3

= 〈2(M�hh
′′ + M�V∇V + LG∇� − −→

�D, �g3〉L2
ρ2

,

∀g1 ∈ L2
ρ1

, �g2 ∈ L2
ρ2
, and �g3 ∈ L2

ρ3
. Here, the operators Mab are defined from the cross-

product terms in the loss function. For example,

〈MhV∇V , g1〉L2
ρ1

=
L∑

l=1

∫

Rd
ulνg1∇u · ∇Vdx;

〈MVhh
′′, �g2〉L2

ρ2
=

L∑

l=1

∫

Rd
ulνh

′′∇u · �g2;

〈MV�∇�, �g2〉L2
ρ2

=
L∑

l=1

∫

Rd
ul �g2 · ∇� ∗ uldx;

〈M�V∇V , �g3〉L2
ρ3

=
L∑

l=1

∫

Rd
ul∇V · �g3 ∗ uldx .

In particular, since

〈MhV �b, g1〉L2
ρ1

= 〈MVhg1, �b〉L2
ρ2

, ∀�b ∈ L2
ρ2

, g1 ∈ L2
ρ1

,

〈M�V �g2, �g3〉L2
ρ3

= 〈MV� �g3, �g2〉L2
ρ2

, ∀�g2 ∈ L2
ρ2

, �g3 ∈ L2
ρ3

,

we have joint operators M∗
hV = MVh and M∗

�V = MV� with operator norms satisfying
‖MhV ‖ ≤ 1 and ‖M�V ‖ ≤ ‖LG‖1/2. Then, the joint estimator solves the system

⎛

⎜⎝
IL2

ρ1
MhV Mh�

MVh IL2
ρ2

MV�

M�h M�V LG

⎞

⎟⎠

⎛

⎝
h′′
∇V
∇�

⎞

⎠ =
⎛

⎜⎝
hD−→
VD−→
�D

⎞

⎟⎠ . (7.4)
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TheHessian (the second variation) of the loss function is the operator on the left-hand-side
of (7.4), and denote it by A : L2

ρ1
(R+) ⊗ L2

ρ2
(Rd) ⊗ L2

ρ3
(Rd) → L2

ρ1
(R+) ⊗ L2

ρ2
(Rd) ⊗

L2
ρ3

(Rd). The operator A is self-adjoint and semi-positive definite.
We show first that φ = (0, c,−c) with a nonzero c ∈ R

d is an eigenfunction
of A corresponding to the zero eigenvalue. Note that by definition, 〈MV�c, c〉L2

ρ2
=

∑L
l=1

∫
Rd ulc · c ∗ uldx = ‖c‖2 and similarly, 〈M�V c, c〉L2

ρ3
= ‖c‖2. Meanwhile, we have

LGc = ∫ ∫ G(y,y′)
ρ̇3(y)

cdy′ dy = c by the definition of G. It follows that

〈Aφ, φ〉L2
ρ1

⊗L2
ρ2

⊗L2
ρ2

=〈
⎛

⎝
MhV c − Mh�c
IL2

ρ2
c − MV�c

M�V c − LGc

⎞

⎠ ,

⎛

⎝
0
c

−c

⎞

⎠〉L2
ρ1

⊗L2
ρ2

⊗L2
ρ2

=〈IL2
ρ2
c − MV�c, c〉L2

ρ2
− 〈M�V c − LGc, c〉L2

ρ3
= 0.

Lastly, note that for φn = (0, 0, ψn), where ψn is an eigenfunction of LG such that
LGψn = λnψn , we have 〈Aφn, φn〉 = λn , where λn → 0 as n → ∞ since LG is compact.
Thus, the loss function is not uniformly convex, and the joint estimation is ill-posed. ��

7.3 Derivation Details for Section 5.2

Derivation of Eq.(5.4) Using the facts that ∇�(|x |) = φ(|x |) x
|x | and

∇� ∗ u(x) =
∫

R

φ(|y|) y

|y|u(x − y)dy =
∫ ∞

0
φ(r)[u(x − r) − u(x + r)]dr ,

along with the notation δu(x, r; t) in (5.5), we can write the integrals as
∫

R

u|∇� ∗ u|2dxdt =
∫ ∞

0

∫ ∞

0
φ(r)φ(s)

∫

R

u(x)δu(x, r)δu(x, s)dxdrdsdt,

=
∫ ∞

0

∫ ∞

0
φ(r)φ(s)G(r , s)drds

=
∫ ∞

0

∫ ∞

0
φ(r)φ(s)G(r , s)ρ̇(r)ρ̇(s)drds.

where the integral kernels G,G : R+ × R+ → R are defined in (5.6).
Denote F(x) = ∫ x0 f (y)dy. Integration by parts with � ∗ u(10) = � ∗ u(0) = 0 implies

that
∫

R

f (x)� ∗ u(x)dx = F(x)� ∗ u(x)
∣∣10
0 −

∫ 2

0
φ(r)

∫ 10

0
F(x)[u(x − r) − u(x + r)] dx dr

=
∫ 2

0
φ(r)Ff ,u(r) dr ,

where Ff ,u(r) := − ∫ 100 F(x)[u(x − r)−u(x + r)] dx . Combining the above equations, we
obtain (5.4). ��

Data Availability The data used in this study are synthetic and were generated through simulations. Detailed
descriptions of the simulation methodologies and parameters are provided in the manuscript to ensure repro-
ducibility. All data sets and codes will be made available upon request.
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